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PREFACE

We feel happy in presenting the revised version of our immensely popular book
I SC Mathematics strictly in accordance with the Mathematics syllabus for class 12 for 2011 and
after released by the Curriculum and Professional Support Division (CAPSD) of the Ministry of
Education, Royal Government of Bhutan, as part of its Bhutan Higher Secondary Education Certificate
(BHSEC) course.

The special features of this book are:

1

9.
10.

It followstheprescribed syllabusstrictly and incorporatesthelatest trendsin the teaching
of Mathematics.

For the convenience of the teachers and students the detailed syllabus has been givenright
in the beginning.

The chapters are in the same sequence as given in the syllabus to facilitate teaching in the
class and coverage of the syllabus.

The development islogical, and the preparation of each new ideais based on the preceding
material.

Great pains have been taken to present the subject matter in a very easy to understand
manner. To achieve this, the authors had sometimes to sacrifice brevity and give detailed
explanation to bring home to the students the finer points of every topic. A sincere effort
has been made to explain the ‘How and Why’-of every concept to make the fundamen-
tals clear. The authors are of the view that atextbook is not just a collection of formulae
and questions but much more than this. A textbook should help in making an in-depth
study of the subject and lay solid and sound foundation for further study.

The clearly development textua explanationsarefollowed by appropriate solved examples
whicharelargein number andincludeamost al typesof questionspossible on aparticular
topic or concept.

Effort has been made to include quality questions in exercises for practice, keeping in
mind the latest trend and style of questions. The questions are ample in number and well-
graded and would cater to the needs of all types of students—average, above average
and brilliant. Hints have been provided to difficult and tricky questions so that the
student does not get stuck up and is able to maintain his pace.

Revision exercises containing multi-choice questions will, we hope expose the students
to.a variety of problems, requiring intelligent approach and help them in acquainting
themselves with the latest trends and getting firm grasp of the fundamentals and thorough
knowledge of different topics.

A sincere effort has been made to maintain M athematical accuracy and rigour.

Historical notes have been interspersed throughout the text.

For proper feedback as per the requirement of the BHSEC syllabus, the authors are thankful to
Mr. KarmaYeshey and Mr. Geewanath Sharma, Curriculum Officers, CAPSD, Ministry of Education,

Bhutan.

Feedback and suggestions for further improvement would be most welcome.

AUTHORS

(iif)



SYLLABUS FOR CLASS XIlI (2011 Onwards)

The syllabus for both the Pure Mathematics course and the Business Mathematics course are as
given below. It will be noticed that while the students taking the Business Mathematics will study
comparatively less content under certain units like Calculus and Coordinate Geometry, they will
study an additional unit called Commercial Mathematics. The Pure Mathematics studentswill study
two additional units called Trigonometry and Complex Numbers. The commonalties and the
differences of the contents between the Pure Mathematics and Business Mathematics are clearly
indicated below. A good estimate of the expected times that should be spent in the formal teaching
of each topic is given in hours with the topics.

UNIT 1-ALGEBRA Pure Business
Mathematics | Mathematics

1.] Permutations and Combinations (22 hrs)
® Factorial Notation
= Concept of Permutation ("P,): Permutation of alike All All

things; restricted permutation; circular permutations
* Concept of Combination ("C,): Restricted
combinations; Distribution of different things into
groups; Open selection of items from different things
and from alike things
= Mixed problems on permutations and combinations
(Note: problems should be fairly smple ones)

2.| Determinants and Matrices

Determinants: (8 hrg)

= Of order 2 and 3

= Minors and Co-factors of a determinant

= Expansion of a determinant

= Properties of a determinant and their use in the
evaluation of a determinant

= Product of determinants (without proof);

= Solution of simultaneous equations in 2 or 3 variables
using Cramer’srule

= Conditions for consistency of 3 equations in two
variables

Matrices: (6 hrs)

= Of order mx n, wherem, n < 3, including case m=n;
Types of matrices

= QOperations: Addition/Subtraction (Compatibility);
Multiplication by a scalar; Multiplication of two
matrices (Compatibility)

= Application of matrix multiplications

= Adjoint and inverse of a matrix

= Use of matrices to solve simultaneous linear equations
in 2 or 3 unknowns

All All

(iv)



Solution of differential equation of 1st order and 1st

degree

UNIT 2-TRIGONOMETRY Pure Business
Mathematics Mathematics
.|Inverse Trigonometric Functions (10 hry)
= Meaning of inverse trigonometric functions (sinx, All This unit is
cot™x, tan~x, cot™x, cosec™x, sec™x) NOT for
= Principal values (use of graphsin explanation) B/Maths
=  Propertiesof inversetrigonometric functions (without
proof)
UNIT 3—CALCULUS Pure Business
Mathematics M athematics
.| Differential Calculus (20 hrs)
= Revision of the topics done in class XI All All EXCEPT
* Derivatives of trigonometric, logarithmic, and (i) Derivative
exponential functions of Inverse
= Derivatives of composite, absolute value, implicit and ;Ur?gt?g:gnc
parametric functions NOT included
® |nterchange of independent & dependent variable for B/Maths
= Differentiating function with respect to another function (i) The application
= | ogarithmic differentiation of maxima &
= Successive differentiation up to 2nd order minimain
= Maximaand minima Mensuration
= Application of maxima and minima to practical
problems
= Derivativesof inversetrigonometric functionsreducible
to simple form by substitution
Integral Calculus (20 hrg)
= Revision of formula.of integration form class X All All EXCEPT,
= Standard method of integration of 1/x, €, tanx, the portion on
cot X, cosec x,(ax +b)", wherene Q Definite
® |ntegration using substitution integrals,
= |ntegration by using partia fractions Properties of
® |ntegration by parts definite
» Integrals of the sin?x dx, sin®x dx, cos? x dx, cos® x dx, integrals and
| _f,(x_)[f_(x)]_n d_X ____________ Applications of
= Definite integral — as a limit of sum (only algebraic definite
functions) integrals are
= Properties of Definite Integrals (without proof) NOT included
= Application of definite integrals — area of a curve for B/Maths
included between x or y axis, volume of revolution about
the x-axis or y-axis or about aline
.| Differential Equations (10 hrg) All This chapter is
= Meaning of differential equations; order and degree of NOT for
adifferential equation B/Maths

(v)




= Variable separable

= Homogenous equations and equations reducible to
homogenous form; (dy/dx) + Py = Q, where P and Q
are function of x only

= Solution of differential equations of second order;
(d?y/d?x) = f(X)

UNIT 4 —COORDINATE GEOMETRY

Pure
Mathematics

Business
Mathematics

Pairs of Straight Lines (10 hrs)

= General equation of a family of lines passing through
the intersection of two linesL, and L,: L, + kL, =0,
k€ R; finding k using additional condition

= General equation of second degreeinxand y representing
apair of lines

= Conditions for general second degree equation to
represent a pair of staight line

= Reduction of general equation to individual equation

= Conditions for perpendicularity and parallel of the two
lines

= Point of intersection and angle between two lines
represented by a second degree equation in x-and y

= Equation of the bisector of the angle between a pair of
given straight lines

All

This chapter is
NOT for
B/Maths

.| Conics

= Asasection of acone

= Definition and understanding of Foci, Directrix, Latus
Rectum

= Recognition and Equation of a Parabola, Ellipse and
hyperbolain standard form

®  Finding the equation for a conic when focus, directrix,
and eccentricity or ralted data are given

®  Finding basic information like foci, directrix, etc from
a given eguation.

(5 hrs)

All

All

.| Pointsanditheir coordinatesin 3 dimensions (10 hrs)
Distance between two points; section and mid-point
formulas; direction cosines and direction ratios of a line;
angle between two lines; conditions of line to be parallel or
perpendicul ar

All

All

Plane (10 hrs)

= General equation of aplane, asax + by + cz+ d =0,
where a, b, ¢ are direction ratios of the normal to the
plane

= Equation of a plane: One point form; Normal form;
Intercept form

= Distance of point from a plane

All

This chapter is
NOT for
B/Maths




= Angle between two planes, and angle between aline
and a plane

= Equation of planethough theintersection of two planes

= Finding the equation of a plane given a point and
direction cosine/ratios of the normal and other
sufficient data

UNIT 5—-DATA AND PROBABILITY

Pure
M athematics

Business
M athematics

M easures of Dispersion (4 hrg)

= Meaning of dispersion; quartile deviation; standard
deviation, coefficient of variation; Mean deviation
from the mean or median

= Combined mean and standard deviation of two groups
only

All

All

Correlation and Regression (15 hrs)
= Definition and meaning of correlations coefficient

= Use of scatter diagram and Line of best fit

= Calculation of coefficient of correlation by Karl
Pearson’s method for ungroup data

= Calculation of rank correlation coefficient by
Spearman’s method (for both repeating and non-
repeating ranks)

= Calculation of regression; coefficient and thetwo lines
of regression by the method of least squares; use of
lines of regression for prediction

All

All

Probability
= Random experiment and their outcomes

= Events: sure events, impossible events, mutually
exclusive events, independent and dependent events

= Definition of probability of an event
= Lawsof probability: addition and multiplication laws;
conditional probability

(15 hrs)

All

All

UNIT 6 - COMMERCIAL MATHEMATICS

Pure
Mathematics

Business
Mathematics

(10 hrs)

= Meaning, Present Value, Annuity Certain, Contingent
Annuity, Perpetual Annuity, Immediate Annuity,
Annuity Due, PV of Immediate and Perpetual Annuity

.| Annuities

Thisunitis
NOT for
P/Maths

All

(vii)




2.| Application of Derivatives in Commerce and | Thisunitis
Economics (10 hry) NOT for
= Cost Function P/Maths All
= Average cost

= Marginal cost

= Revenue function and break-even point

UNIT 7— COMPLEX NUMBERS Pure Business
Mathematics |Mathematics
(15 hrs)
= Meaning and as an ordered pair of real number in the
forma+ bi
= Geometrical representation in complex plane-Argand
diagram for z (a complex number), 1/z, z and Z ; All Thisunitis
equality of two complex numbers; absolute value NOT for
(modulus), properties (without proof) B/Maths
= Argument (conjugate of complex numbers), polar
form

= Operations. Sum/Difference, product and quotient of
two complex numbers; additive and multiplicative
inverse of a complex number

= Simple locus equation on complex numbers; proving

. 2
using— zz=|Z4"andz +2=2+2
= Square root of a complex number

= De Moivre's theorem and its application
= Cuberoot of unity: 1, m, »2

ASSESSMENT

Thefinal assessment for class 12, which will determine the students’ result, will be 100% external
examination conducted by the Bhutan Board of Examination (BBE) at the end of the academic
session. The BBE examination format will be as per the specification provided herein for the tria
examination.

However, for the purposes of assessing the students' learning process and progress, and for
school’s interna records, the schools must conduct their assessments on class 12 students based on
the following structure, till the trial examinations, which is similar to that of class XI.

M ode of summative assessment

Class X11
|
[ |
Year beginning —Mid year 40% Mid year — Year end 60%
= Class Participation 5% = Class Participation 5%
= Assignments 5% = Assignments 5%
= Units Tests 5% = Units Tests 5%
= Mid-term Exam 25% = Trial Exam 45%

A brief rationale on each of the components of the assessment above follows:
(viii)



Year beginning to Mid year

ClassParticipation: Student’sactiveinvolvement inthe classisimportant for his/her learning.
Class participation would consist of student’s positive attitude and behaviours towards learning:
his/her ability to follow instructions, cooperation displayed in doing group works, confidence in
asking questions and answering the questions asked, etc to mention a few. Teacher should develop
criteria to assess students for the class participation. A better alternative would be to work out the
criteria with the students in the beginning of the year. It is important that the students know the
criteria and are reminded of them from time to time. This would force the students to be active,
cooperative, critical thinkers and confident communicators in the class. This would also force the
teachers to drive students towards these qualities. These are desirable and healthy disposition we
would want in our children. Whatever reasonable assessment tools and marking scheme the teacher
has chosen to use for the class participation up to the mid term should be worked out to be worth 5%
of the whole year assessment, for entering into the student progress Report Form.

Assignment: Reasonable amounts of assignment, which we normally called homeworks, should
be assigned quiteregularly. Moreimportantly, they should be checked, and prompt feedback provided
to the students on their works. The teacher will award marks at least two times to each student’s
homework during the first half term of the year; they can devise their own marking scheme. The
average mark from the total should be worked out to be worth 5% for entering onto the students’
Progress Report card.

Unit Tests: A unit test should be conducted at the end of teaching aunit. It should be carried out
during one of the class periods. The teacher should keep proper record of the students’ achievement
in the series of unit tests. A minimum of two unit tests should be conducted before the mid-term
exams. The total marks obtained in the unit tests should be worked out to be worth 5% for entering
onto the student’s Progress Report Card.

Mid-term Examination: Themid-term examination may be based on the specifications provided
for the Trial examination/Board examination as below. The mark obtained in it should be brought
down to 25% for entering into the Progress Report Card.

Mid year to Year end
Class Participation: To be done similarly as during the first term of the year.
Assignments: To be done similarly as during the first term of the year.

Unit Tests: To be done similarly as during the first half term of the year, but with the units
covered after the mid-term examination.

Trial Examination/Board Examination: The annual examination paper will be set for 100
marks, with-writing time of Three hours. The paper will consist of two sections:

= Section A will be composed of 15 multiple choice questions, covering the entire syllabus.
Each MCQ will carry 2 marks, making the section worth 30 marks in total. Each MCQ
should have one Key/Correct Answer and three distracters.

= Section B will be made up of about 13 open answer type questions set from the entire
syllabus, out of which the student will have to attempt 10 questions. Each question will

carry 7 marks, making the section worth 70 marksin total.

(ix)



NOTE:
1. For Pure Mathematics, the weighting accorded for each of the unitsfor the annual examination

isas given below:

UNITS % MARKS

1. | Algebra 15%
2. | Trigonometry 7%
3. | Calculus 30%
4. | Coordinate Geometry 25%
5. | Data and Probability 15%
6. [ Complex Number 8%

Total 100%

2. For the Business Mathematics the weighting accorded for each of the units for the annual
examination is as given below:

UNITS % MARKS
1. | Algebra 20%
2. | Calculus 25%
3. | Coordinate Geometry 15%
4. | Data and Probability 20%
5. | Commercial Mathematics 20%
Total 100%

3. Careshould aso betakeninthe preparation of questions ons having abalance of them requiring
conceptual understanding, problem solving, communication, reasoning, and applications of
procedural knowledge and skills. Some questions should cross strands or units. Along with
these, test blue print based on Blooms Taxonomy would also be needed to be used in the
preparation of the paper.

4. Themarks obtained out of 100'in this examination should be worked out to be worth 45% for
entering in to the student’ progress report card.

(x)



10.

11
12.
13.
14.

15.
16.
17.
18.

19.
20.

21.
22

© © N o u

Chapters

CONTENTS

UNIT 1 -ALGEBRA

Permutations and Combinations

Determinants

Matrices

UNIT 2 - TRIGONOMETRY

Inverse Trigonometric Functions

UNIT 3—-CALCULUS

Differentiation

Maxima and Minima

Integration

Definite Integrals
Area of a Curve and Volume of Revolution
Differential Equations

UNIT 4 — COORDINATE GEOMETRY

Pairs of Straight Lines
The Conic Section

Points and Their Coordinates in 3-Dimensions
The Plane
UNIT 5 —DATA AND PROBABILITY
Measures of Dispersion
Correlation
Regression Analysis
Probability
UNIT 6 - COMMERCIAL MATHEMATICS
Annuities
Application of Calculusin Commerce and Economics
UNIT 7—-COMPLEX NUMBERS
Complex Numbers
De Moivre's Theorem

Logarithms Tables

(xi)

Pages
1.3-132
23-247
33-376

4.3-4.41

5.3-5.67
6.1-6.29
73-754
83-8.32
9.3-9.35
10.3 - 10.45

11.3-11.19
12.3-12.36
13.3-1322
143 -14.23

153 -1528
16.3 -16.27
17.3-17.29
18.3 - 18.86

19.3-19.22
20.3-20.23

21.3-2142
221-2213
L.3-L.12



UNIT 1

ALGEBRA

e Permutationsand Combinations

e Determinants

e Matrices

PERMUTATIONSAND COMBINATIONS

e Factorial notation

e Concept of permutation ("Pr); permutation of alike things,
restricted per mutation; circular per mutations.

e Concept of combination ("Cr); restricted combinations;
distribution of different thingsinto groups, open selection of
itemsfrom different thingsand from alikethings.

e Mixed, problemson permutationsand combinations.

(Note. Problemsshould befairly smpleones)




HISTORICAL NOTE

In India, Jains were acquainted with concepts of permutations.and combinations under the
name Vikalpa. Inthe Vedic period wefind the computations of the number of waysinwhichthe
poetic rhythms of verses can be altered. Mahavira.is the world’s first mathematician who
provided the general formulaefor permutationsand combinations. Bhaskaratreated the subject
matter of permutations and combinations under the name Anka Pasha in his famous work
Lilavati. Inadditionto general formulaefor "C, and"P,, dready provided by Mahavira, Bhaskara
gave many important theorems and results concerning the subject. The first book touching on
the subject was Pacioli’s Suma (1494) wherein is discussed the problem of how many ways a
group of individuals can sit around-a table. The first treatise on the subject, however, did not
appear until 1713, it was Bernoulli’s Ars Conjectandi.




Permutations and Combinations

1.01. Introduction

Suppose we have 40 books of different subjects and a shelf which can hold only 20 books. We
have to choose 20 books out of these 40 books and then arrange them on the shelf. \We can take any
20 books we like and then arrange them on the shelf in any manner we like. Thus, the process of
arranging 20 books out of 40 books involves the following two different processes:

1. First, we select 20 books out of 40 books. Suppose these are Algebra, Trigonometry, Calculus,
Geometry, etc. It isour sweet will whether we select a particular book or not.

2. After having selected 20 books out of 40 books, we proceed to arrange them on the shelf. We
can arrange them on the shelf in any manner welike, for example, it isup to uswhether we put abook
on trigonometry or physics in the first place.

The above discussion shows that while considering the aternatives of things or acts, we come
across two types of problems :

(a) Selection, (b) Arrangement.

The process of selecting things is called combination and that of arranging things is called
permutation.
Differencebetween a Per mutation.andia Combination

Combination Permutation
1 Concerns only-with-selection. 1 Concerns selection as well as arrangement.
2. Ordering of the selected itemsiis 2. Ordering is essential.
immaterial .

Thus, if we have 4 objects A, B, C and D the possible selections (or combinations) and
arrangements (or permutations) of 3 objectsout of 4 are given below. Thiswill help you to understand
clearly the difference between permutation and combination, clearly.

Selection Arrangement
! !

Combination Permutation
ABC *ABC, ACB, BAC, BCA, CAB, CBA
ABD ABD, ADB, BAD, BDA, DAB, DBA
ACD ACD, ADC, CAD, CDA, DAC, DCA
BCD BCD, BDC, CBD, CDB, DBC, DCB

Tota 4 combinations 24 permutations

Ch1-3
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*Note. The possible arrangements corresponding to the selection of A, B and C can be easily
written with the help of atree diagram shown below:

A few problemsrelatingtocombination are:

1 Formation of ateam from anumber of players.

2. Formation of aparticular committee from anumber of members:
A few problemsrelatingto permutation are:

1 Arrangements of books on a shelf.

2. Formation of numbers with the given digits.

3. Formation of words with the given letters.

1.02. Fundamental principle of counting

To discover the fundamental principle of counting, study the following examples:

1. Suppose you have 3 full-sleeve and 4 half-deeve shirts. Since you have the choice of wearing
any of these shirts, you can wear oneshirtin 3+ 4 =7 ways. If in addition, you have 5 T-shirts, then
you canwear one shirtin 3+ 4 +5=12 ways.

The above example illustrates one way of counting, which we may call the sum rule and applies
when one event has to happen out of given digoint events.

Here, if wearing a full-sleeve shirt is the event A and wearing a half-deeve shirt is the event B,
then A can happen in 3 ways and B can happen in 4 ways. Also, AN B = ¢, i.e, Aand B can’t happen
together. We also say that the two events are exclusive.

Now, suppose you have 3 shirts and 4 pairs of pants. In how many possible ways can you dress
up by wearing a shirt and a pair of pants?

In the above case, you can wear any of the 3 shirts and after wearing one of these shirts any of
these pairs of pantswith it. If we label the shirtsas S, S,, S; and the pants as P,, P,,, P; and P, then
the different ways of dressing up can be as under :

S Py S P Py
S P, S P, SP
S, Ps S, Ps S Ps
S Py SPy Py

Total number of ways=12=3x 4.
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Inthisillustration, we multiply the number of waysin which you can wear ashirt and the number
of waysin which you can wear apair of pants.

2. Thereare 4 different routes between cities A and B, and 3 different routes between cities B and
C. How many different routes are there from city A to city C through city B?

Discussion: Obviously, one can go from city A to city B by any of the 4 routes, i.e., in 4 ways.
After having goneto B by any of the different 4 routes, one can go to city C by any of thethreeroutes.
Thus, corresponding to one route taken, from A to B, he has 3 choices from B to C. Therefore,
corresponding to 4 routes, there are 12 choicesin all.

Therefore, he can go from A to C via B, in 4 x 3 = 12 ways as depicted in the following tree
diagram.

Bto C
AtoB
Four routes [3 routescr1, Iy, I3]
(R1: I:‘2: RS’ R4)

4

)
o

The possible routes taken are :

Ry Ryry Ryry Ryry
R 1, R,T, Rsr, R, T,
Rirs Ryrs Ryrs R, T3

Total number of ways=12.

3. (a) A house has 5 doors and 12 windows. |n how many ways can a person run out of the house
during emergency through a door or a window?

(b) In'how many ways can a person enter the house
through a door and exit through a window? W,

Discussion: (a) The person has the choice of
entering by any one of the windows or doors. Thusthe  D; W,
person can enter thehousein 5+ 12 =17 ways(sumrule).

(b) Since the person has to enter through a door and [
there are 5 doors, he can do so in 5 ways. After having |
entered through one of the doors, say, D,, he can exit by
any of the 12 windows, say, W;, W,, W, ......, and W,,. So,
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corresponding to entry through a particular door, say, D, there are 12 ways of exit as shown below:

D,W,;, D,W,, D;W,, .....,and D, W,

Since, for each of the 5 doors D, , D,, D3, Dy, Dy ......, thereare 12 ways of exit, soinall hecan
exitin5x 12 =60 ways.

The examples discussed above illustrate the use of a genera principle, called the product rule or
the fundamental principle of counting , which is stated below.

1.03. A fundamental principle

If one operation can be performed in m ways, and if corresponding to each of the m ways of
performing thisoperation, there are n ways of performing a second operation, then the number
of ways of performing the two operationstogether ism x n. (ThisAND That).

Suppose that the first operation is performed in any one of the mways, the second operation can
then be performed in n ways and with the particular first operation, we can associate any one of then
ways of performing the second operation. This means that if the first operation could have been
performed only in this one way, there would have been 1 x n, i.e., n ways of performing both the
operations. But it is given that thefirst operation can be performed in mways and there are n ways of
performing the second operation for every oneway of performing thefirst operation. Therefore, there
are m x n ways of performing both the operations.

Generalisation. Theabove principle can be extended to the casein which the different operations
can beperformedinm, n, p,......ways. In this case the number of waysof performing all the operations
together wouldbemx nx p .......

Ex. 1. Thereare 10 busesrunning between twotownsX and Y. | n how many wayscan aman go
from XtoY andreturn by adifferent bus?

Sol. Theman cango from X toYin 10 waysand asheisnot to return by the same busthat he took
while going, corresponding to each of the 10 ways of going, there are 9 ways of returning. Hence the
total number of waysin which he can goto'Y and be back is 10 x 9 = 90.

Ex. 2. How many different number sof threedigitscan beformed with thedigits1, 2, 3,4, 5, no
digit isbeing repeated?

Sol. The unit’s place can be filled with either of these 5 digits and so the unit’s place can befilled
in 5 ways. Theten’s place can befilled in 4 ways corresponding to each way of filling up the unit’s
place, for we can have any digit here except the one used in the unit’s place. Similarly, the hundredth’s
place can be filled in 3 ways as here we have any of the remaining three digits. Therefore, there are
5 x 4 x 3 =60 ways of forming a number of three digits with the five given digits.

Ex. 3. Each section in first year of plus two course has exactly 30 students. If thereare 3
sections, in-how many ways can a set of 3 student representatives be selected from each section?

Sol. 1st representative can be selected from first section in 30 ways.
2nd representative can be selected from second section in 30 ways.
3rd representative can be selected from third section in 30 ways.

.. Required number of ways=30x 30 x 30=27000.

Ex. 4. How many numbers are there between 100 and 1000 such that every digit is either
20r 9?

Sol. Any number between 100 and 1000 isof 3 digits. The unit’s place can befilledby 2 or 9in 2
way’s.

Similarly ten’splace can befilledin 2 ways.

The hundred’s place can also befilled in 2 ways.

. Required no. of numbers=2x2x2=8.
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Ex. 5. How many odd number slessthan 1000 can be formed using thedigitsO0, 2, 5, 7 when
repetition of digitsareallowed?

Sol. Since the required numbers are less than 1000 therefore, they are 1-digit, 2-digit or 3-digit
numbers.

One-digit numbers. Only two odd one-digit numbers are possible, namely, 5and 7.

Two-digit number s. For two-digit odd numbersthe unit place can befilledup by 5or 7i.e. intwo
ways and ten’s place can befilled up by 2, 5 or 7 (not 0) in 3 ways.

.. No. of possible 2-digit odd numbers=2 x 3=6.

Three-digit numbers. For three-digit odd numbers, the unit place can befilled up by 50or 7in2
ways. Theten’s place can befilled up by any one of thedigitsO, 2, 5, 7 in 4 ways. The hundred’s place
can befilledup by 2,5 or 7 (not 0) in 3ways.

No. of possible 3-digit numbers=2x4x 3=24

Hence the total no. of possible odd numbers=2+ 6 + 24 = 32.

Ex. 6. A coinistossed threetimesand outcomesarerecor ded. Usetheproduct ruleto deter mine
thenumber of possibleoutcomes. Then list all the outcomes.

Sol. For each toss of coin we have 2 choices— ahead (H) or atail (T). Therefore, by the product
rule, the number of possible outcomes of threetossesis2 x 2 x 2 =8.

For alisting of these outcomes, it is convenient to draw atree diagram

Third toss
H (HHH)
Second tc{
H
T HHT
First toss ( )
H
H (HTH)
T <
T (HTT)

Coin (THH)
H <

7 (THT)

H (TTH)
0 <

T (TTT)

HHH, HHT, HTH, HTT, THH, THT, TTH, TTT.

Thus, the possible outcomes are

Note. Can you guess how many possible outcomeswould beif the coinistossed four times? Five
times? ntimes?

Arranging in the same manner as above, and applying the product rule, we find that
For 4 tosses, the number of possible outcomesare2x2x2x 2=24=16
For 5 tosses, the number of possible outcomes are 2° = 32

For n tosses, the number of possible outcomes are 2",
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EXERCISE 1 (a)

1. Two persons go in arailway carriage where there are 6 vacant seats. In how many different ways can
they seat themselves ?
2. In how many ways can 2 prizes be awarded to 9 contestants provided no contestant gets both the
prizes ?
3. There are three mathematics teachers in a college in which there are 6 classes. In how many different
ways can they choose the classes, provided one teaches one class only ?
4. How many words (with or without meaning) of three distinct letters of the English alphabets are there?
5. How many numbers are there between 100 and 1000 such that 7 isin the units place ?
6. How many integers of four digits each can be formed with the digits O, 1, 3, 5, 6 (assuming ho
repetitions)?
7. How many automobile licence plates can be madeif theinscription on each containstwo different letters
followed by three different digits ?
[Hint. There are 26 letters and 10 digits out of which the inscriptions are to be made. Also, the digit 0
cannot be used at the hundred’s place.]
8. Find the number of ways of arranging 6 players to throw the cricket ball so that the oldest player may
not throw first.
9. How many three-digit numbers can be formed without using the digits 0, 2, 3, 4, 5and 6 ?
10. Find the number of even positive integers which have three digits.
11. How many 2-digit numbers can be formed from the digits 8, 1, 3, 5 and 4 assuming
(a) repetition of digitsis alowed?
(b) repetition of digitsis not allowed?
12. How many four-digit even integers can be formed using the digits O, 1, 2, 3, 4, 57
13. To pass an examination a student has to passin each of the 3 papers. In how many ways can a student
fail inthe examination?
[Hint. For each of the 3 papers, thereare two choices—pass (P) or fail (F). By product rule, there are 2
x 2x 2 =8choices. But hewill passonly if he passesin all the papers (PPP).]
14. How many seven-digit phone numbers are possible if 0 and 1 cannot be used as thefirst digit and the
first three digits cannot be 555, 411, or 936?.
[Hint. First three digits can be filled in (8 x 10 x 10 — 3) ways. Last four digits can be filled in
(10 x 10 x 10 x 10) ways]
15. There are five routes for ajourney from station A to station B. In how many different ways can a man
go from A to B and return, if for returning
(i) any of theroutes is taken, (ii) the same route is taken,
(iif)the same route is not taken ?
16. How many 9-digit numbers of different digits can be formed ?
ANSWERS
1. 30 2. 72 3. 120 4. 15600 5. 90
6. 96 7. Number of licence plates = 26 x 25 x 9 x 9 x 8 = 4,21,200
8. 600 [Hint. For first place 5 players (excluding the oldest) and for the remaining places 5
(including the oldest) players are available .. The no. of ways =5 x 5 x 4 x 3 x 2 x 1].
9. 64 10. 450 11. (a) 25, (b) 20 12. 540
13. 25~ = 7 ways 14. [8 x 10 x 10 — 3] x 10 x 10 x 10 x 10 = 7970000
15. (i) 5x5=25 (i) 5x1=5, (iii)5x4=20
16. 9x9x8x7x6x5x4x3x 2= 3265920
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1.04. Permutations

Def. Each of the different arrangements which can be made by taking some or all of a number
of things at atimeis called a permutation.

Notation. The number of permutations of n thingstakenr at atimeis denoted by "P, or P(n, r).
The letter P is an abbreviation of the word ‘ permutation’.

Thus 6P4 denotes the number of permutations or arrangements of 6 things taken 4 at atime.

1.05. The value of "P,

To find the number of permutations of n different things, taken r at atime or to determine "P,.

The number of permutations of n thingstaken r at atime will be the same as the number of ways
inwhich r blank places can be filled up with n given things.

Asthefirst place can befilled in by any one of the n things so there are n ways of filling up the
first place.

After having filled in thefirst place by any one of the nthings, there are (n— 1) things|left. Hence
the second place can befilled in (n — 1) ways. Now, asfor every one way of filling up the first place,
there are (n — 1) ways of filling up the second place, so the first two places can befilled inn (n—1)
ways.

After having filled inthefirst two placesin any one of the above ways, there are (n — 2) things | eft
and so the third place can be filled in (n — 2) ways. Now for every one way of filling up the first two
places, there are (n — 2) ways of filling up the third place and sothefirst three places can befilled up
inn(n—=1) (n—2) ways.

It may be observed that

(a) At every stage the number of factorsis equal to the number of places filled up.

(b) Every factor is by one less than its preceding factor.

Thus, we can conclude that the first (r — 1) places can befilled in n(n — 1)(n — 2)...{n—Hr — 2)}
ways. After filling up first (r — 1) placesthe rth place can befilledin n(n—1)(n—2)...{n—(r — 1)}
ways.

Position of the object 1st 2nd (r=hth rth

Number of ways n n-1 n—(r—2)\n—(r-1)

Hence the number of ways of filling up al the r places, i.e., the number of permutations of n
different thingstakenr at atimeisn (n—1) (n—2)......r factors

n(n-1)(n—-2).....(n-r -1
nn-1)(n-2)...... (n—r+1)

Hence np

r

Thus, 'P,=7x6;1P,=10x9 x8 x7,2P,=20 x 19 x 18,

Cor. The number of permutations of n thingstaken all at atimeis
"P,=n(n-1)(n-2)....3.2. L. [Putting nfor r]

EXx. 7. Inhow many wayscan 5 per sonsoccupy 3 vacant seats?

Sol. Total number of ways="°P;=5 x4 x 3=60.

Ex.8.1f 2P, =1320, findr.

Sol. 2P, =12 x 1l x.....tor factors=1320=12 x11 x10 .. r=3,
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1.06. Factorial notation

Theproduct of n natural numbersfrom 1tonisdenoted by n! or [n andisread asfactorial n.

Thus,nlor [n =1.2.3.....(n=l).n taken out

A1 = x2x3%x4=24; 61 =1x2x3x4x5x6=720 ni=n@-1)!
(n=1!'=1x2x3....(n=1I). T
Itiseasily seenthat 8! =8x (7!) or 71 =7x(6!) or 6! =6x (5!), etc., One less
In general, n'=nn-1)!

1.07. Values of "P, in terms of factorial notation
n(n-2....(n-r +1)

P = n(n-H(n-2).....(n-r +1) =
(=n) |(n-1)

nn-H(n-2)....n-r+-(n-r)(n-r-1...3.2.1
(n-r)

n(n-1)(n-2)...321 _ |n

(n-r) ~|(n-r)

Thus, 8p_ = 13

Cor. 1. Puttingr =0, "P, =
Cor. 2. Valueof 0!

n! n! ]

n!
Puttingr =n,"P, = ( :a;But”Pn: n.c.nl=— [Art105 Cor] ..0!=1

n=n)!

Note. Infact, 0! ismeaningless but in order to avoid contradiction in the results, we suppose that

o!=
i if n - n+1 - 3
Ex. 9. Findthevalueof nif "P;;: """ P, = 1
! D!
Sol: Here, "P,; = — M and Mip, _ (n+h)r
(n—13)! (n-11)!
! —11)! [ - ~12) - (n-13)!
. mip o n! ><(n 11).=§:> n! ><(n 17) (n-12) - (n 13).:§
1B+ 127 (n-13)! (n+1)! 4 (n-13)! (n+1).n! 4

(n 1)(n- 12)

:>4n2 95n+525=00r (n—15) (4n—-35)=0
(n+1) T4

n =15 (Reecting thefractional value of n).
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Ex. 10. Show that "P, ="*P, + r."P_, wherethesymbolshavetheir usual meanings.
Sol. LH.S.="P,= n(h—-1)(n-2)......... (n—r+1) 0]

RH.S.="p +r.™p

= (N=1) (N=2) ... (N=1=r + 1) +1. (N=1) (N=2) ...... (N=1—T —1+1)
=(n-1)(n-2)....... (h=r+L)(n-r)+r(n=-2) (n-2)...... (n—r+1)

=(-1) (n-2)........ (n=r+)(n—-r+r)

=n(h-1)(n-2)........ (n—r+1)=LHS (i)

From (i) and (ii), we have "P, = ™P + r"IP .

EXERCISE 1 (b)

41
1. Evauate 22
2. Givethe meaning and value of the symbol in the following : (SC)
(@ °P, (b) P, (c) %P,
Find n if
3. "P,=30 4. "p,uMp.=9:1
5. 2p . :272p =56:3 6. 2P, = 100. "P,
7. P(n,6)=3P(n,5) 8. 2P(n,3)=P(n+1,3)
9. Findrif5P@4,r)=6P(5,r—1),r>1.

10. If M*2p, =90and M ™"2 p, = 30, find the values of n, and n,.

Provethat
1. P(n,n)=2P(n,n-2) 12.P(10,3)=P(9,3) +3P (9,2
13.P(n,r)=(n=r+1)P(n,r=1) 14.P(n,n)=P(n,n-1)
f i+i—i find x
U TRETIRETTS ' (SC)
n! n! . . .
f and areintheratio 2 : 1, find the value of n.
2/(n-2)! 4l(n—4)!
Solve for n.
2n)! n!
17. @t . =44:3 18.(n+1)!=56.(n-1)!

3(2n-3)! 2I(n-2)!
19. Convert into factorial : 7.8.9.10.11.12.13.14.15.

ANSWERS
1. 6. 2. (@20, (b)210, (c)5040. 3. 6. 4.9 5. 4.
6. 13. 7. 8. 8. 5. 9. 3. 10. n,=8,n,=2.
15!
15. 121. 16. 5. 17. n=6. 18. n=7. 19. &
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1.08. Restricted permutations

Typel.

Ex. 11. In how many of theper mutationsof 10thingstaken 4 at atimewill (a) onething always
occur, (b) never occur ?

Sol. (a) Keeping asidethe particular thing which will aways occur, the number of permutationsof 9
things taken 3 at atimeis 9P3. Now this particular thing can take up any one of the four places and so
can be arranged in 4 ways. Hencethe total number of permutations = 9P3 x4=9x%x8x7x4=2016.

(b) Leaving aside the particular thing which has never to occur, the number of permutations of 9
things taken 4 at atimeis®P, =9 x 8 x 7 x 6 = 3024.

Ex. 12. In how many of the permutations of n things taken r at a time will 5 things
(i) always occur, (ii) never occur ?

Sol. (i) Keeping aside the 5 things, the number of permutations of (r — 5) things taken out of
(n—>5) thingsis n‘5Pr4.,. Now these 5 things can be arranged in r placesin "Pg ways. Hence, the total
number of permutationsisPg x "~5P, .

(n—-5)!
(n—r-5)!

Typell.When certain thingsarenot to occur together.
Casel.When thenumber of thingsnot occurring together istwo.

(ii) Total number of permutations ="~°P, =

Procedure

1. Find the total number of permutations when no restriction is imposed on the manner of
arrangement.

2. Then find the number of permutations when the two things occur together.

3. The difference of the two results gives the number of permutations in which the two things
do not occur together.

Ex. 13. Provethat the number of waysin which n books can be placed on a shelf when two
particular books are never togetheris(n—2) x (n—1) I

Sol. Regarding the two particular books as one book, there are (n — 1) books now which can be
arranged in "~ 1Pn_l, i.e, (n—1)! ways. Now, these two books can be arranged amongst themselves
in 2 ! ways. Hence the total number of permutations in which these two books are placed together is
2! . (n—1)!. The number of permutations of n books without any restrictionisn!.

Therefore, the number of arrangements in which these two books never occur together

=n!'-21.(n-!'=n.(n-!'-2.(n-!'=(n-2).(n-1)!

Casell. When thenumber of thingsnot occurring together ismorethan two.

Ex. 14. In how many wayscan 6 boysand 4 girlsbearranged in astraight linesothat notwogirls
areever together ?

Sol. The seating arrangement may be done as desired in two operations.

(i) First we fix the positions of 6 boys. Their positions are indicated by B,, B,,....., B.

X leBszSX B4x B5x Bex

Thiscan bedonein 6! ways.

(i) Now if the positions of girlsarefixed at places (including those at the two ends) shown by the
crosses, thefour girlswill never cometogether. In any one of these arrangementsthere are 7 placesfor
4 girlsand so the girls can sit in 7P4 ways.

Hence the required number of ways of seating 6 boys and 4 girls under the given condition
=Px6l =7x6x5x4x6x5x4x3x2x|=604800.



Permutations and Combinations Ch 1-13

Typelll. Formation of numberswith digits.

Ex. 15. Supposethesix digits1, 2,4, 5, 6, 7 aregiven to usand wehavetofind thetotal number
of number swith norepetition of digitswhich can beformed under different conditions,

1. Thereisnorestriction. The number of 6-digit numbers .

=5P,=6!=6x5x4x3x2x1=720.

2.Numbersin which aparticular digit occupiesaparticular place.

Suppose we have to form numbers in which 5 always occurs in the ten’s place. In this case the
ten’s placeisfixed and the remaining five places can befilled in by the remaining 5 digitsin 5P5, i.e,
5! =120 ways.

The number of numbersin which 5 occursin the ten’s place = 120.

3. Numbersdivisibleby a particular number. Suppose we haveto form numberswhich may be
divisibleby 2. These numberswill have2 or 4 or 6intheunit’s place. Thustheunit’s place can befilled
in 3 ways. After having filled up the unit’s place in any one of the above ways, the remaining five
places can befilled in 5Py =51 = 120 ways.

Thetotal number of numbersdivisible by 2 =120 x 3 = 360.

4. Number s having particular digitsin the beginning and the end. Suppose we have to form
numbers which begin with 1 and end with 5. Here, the first and the last places are fixed and the
remaining four places can befilledin 4!, i.e., 24 ways by the remaining four digits.

Therefore, the total number of numbers beginning with 1 and ending with 5 = 24.

Note. If the numbers could have 1 or 5 in the beginning or the end, the number would have been
21.41ie,48.

5. Number swhich aresmaller than or greater than a particular number. Supposewe haveto
form numberswhich are greater than 4,00,000. In these numberstherewill be 4 or adigit greater than
4,i.e,5,60r7inthelac’splace. Thusthisplace canbefilledin 4 ways. Theremaining 5 places can then
befilledin5! =120 ways.

Thetotal number of numbers=4 x 120 = 480.
Ex. 16. How many numbers can be formed by using any number of the digits 3, 1, 0, 5,
7, 2,9, no digit being repeated in-any number ?
Sol. The number of single digit numbersis "P;.

The permutations of 7 digitstaken 2 at atime are 7Pz- But 6P1 of these have zero in theten’s place
and so reduce to one digit numbers.

Hence the number of two-digit numbersis ’P,—°P,
Similarly the number of the three-digit numbersis P, — P, and so on.
The total number required
=Py + ('P,=°Py) + ('P3=P)) + (P4 = Py) + ('Ps=°P,) + ("Ps—°P) + (P, — °Pg) = 11743,
Ex.17. How many different number scan beformed with thedigits1, 3,5, 7, 9, when taken all at
atime, and what istheir sum!
Sol. Thetotal number of numbers=5! = 120. Suppose we have 9 inthe unit’s place. Wewill have

41 =24 such numbers. The number of numbersinwhichwehave 1, 3,5 or 7 inthe unit'splaceisalso
41 =24ineach case.

Hence the sum of the digitsin the unit’s place in all the 120 numbers
=24(1+3+5+7+9)=600.

The number of numberswhen we have any one of the given digitsinten'splaceisalso4! =24in
each case. Hence the sum of the digits in the ten’s place
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=24(1+3+5+7+9)tens=600tens= 600 x 10.

Proceeding similarly, therequired sum
= 600 units + 600 tens + 600 hundreds + 600 thousands + 600 ten thousands
=600 (1+ 10+ 100+ 1000+ 10000) =600 x 11111 = 6666600

TypelV. Word Building.

The following cases may arise :—

1. No letter may be repeated.

2. Some letters may be repeated.*

3. There may be a particular letter in the beginning or the end.

4. Some letters may occur together.

Words
|

Vowels occur together Consonants occur together

Ex. 18. Supposetheword ‘PENCIL’ isgiven tousand wehavetoform wordswith theletter sof
thisword.

1. Thereisnorestriction on thearrangement of theletters.
The six different letters can be arranged in 6P6 =6!=720ways.
Hencethe total number of words formed = 720.

2. All wordsbegin with aparticular letter.

Suppose all words begin with E. The remaining 5 places can be filled with remaining 5 lettersin
5!=120ways.

3. All wordsbegin and end with particular letters.
Suppose all words begin with L, and end with P. The remaining 4 places can then befilled in 4!
ways.
The total number of wordsformed =41 =24,

Note. If the wordswere to begin or end with E or L, these two positions could have beenfilled in
2p, = 2 ways. Hence the number-of words in this case would have been = 2 x 24 = 48,

4. N isalwaysafter E.

= EN @ [ L

Since N is alwaysafter E, therefore ‘EN’ is considered to be one | etter.
Required no. of permutations=5! =5x4x 3x 2 x 1=120.
5. Vowelsaccur together.

The vowels are E and |. Regarding them as one | etter, the 5 letters can be arranged in 5! = 120
ways. These two vowels can be arranged amongst themselvesin 2! = 2 ways.

Thetotal number of words= 2 x 120 = 240.
6. Consonantsoccur together.

Regarding these consonants as one | etter the threeletters E, |, (PNCL) can bearrangedin 31, i.e,
6 ways. The letters PNCL can be arranged among themselvesin 4| = 24 ways.

The number of words in which consonants occur together = 6 x 24 = 144,
7. Vowelsoccupy even places.

X X X X X X

1 2 3 4 5 6

* This case is taken up in the next article.
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There are 6 letters and 3 even places. E can be placed in any one of the three even places in
3P1, i.e., 3 ways. Having placed E in any one of these places, | can be placed in any one of the
remaining 2 placesin 2P1, i.e., 2 ways. Thus, the vowels can occupy even placesin 2 x 3 = 6 ways.
After the vowels have been placed the remaining 4 letters can take up their positions in 4P4, i.e, 24
ways.

Thetotal number of words=6 x 24 =144,

Ex. 19. How many waysar etheretoarrangetheletter in theword GARDEN with thevowelsin
alphabetical order ?

Sol. Theword GARDEN contains 6 letters - 4 consonents (G, R, D, N) and 2 vowels A, E. The 4
consonents can be arranged in 6 placesin 6P4 ways. In each of these arrangements two places will
remain blank in which thefirst place will befilled by A and the place after thisin only way by E as per
the given condition (vowels in alphabetical order)

. Required number of ways="°%P, x 1=6x5x 4 x 3= 360.

1.09. Permutations of alike things

The number of permutations of n thingstaken all at atime where p of thethingsarealike and
of onekind, q others are alike and of another kind, r others are alike and of another kind, and so
onis

n!
plaglr!..

Suppose the things are letters of which p are a's, g are b's, r are ¢’'s and so on. In any one of the
required x permutations, replacethe p a’'sby p new letters(say a,, a,,....... ap) different from each other
and different from the remaining (n—p) letters. Then, permuting these p new | etters among themselves
without disturbing the rest, we get p ! new permutations. If this change is made in each of the x
permutations, wewill obtainx x p! new permutationsinwhich p lettersa sare now all different. Now,
inany oneof thex x p! permutations, wereplacetheq b’'sby g different lettersb,, b,,...... bq. Permuting
them without disturbing the rest, we get q ! permutations in all. By doing thisin each of thex x p'!
permutations we would obtain x x p! g ! permutationsin which al p letters‘a’s and al g letters‘b’s
aredifferent. Similarly onreplacingther c’'sby r different lettersand permuting them, wewill form x x

n!
plagtr!..

Ex. 20. In how many wayscan theletter sof theword (i) BHUTAN (ii) INDIA bearranged ?

Sol. (i) Theword BHUTAN contains al different letters, i.e., the letters are not repeated.

-~ Theno. of possible arrangementsis 6! = 720 ways.

Sol. (i) Theword INDIA contains 5 letters of which 2 are‘I’s.

) S 5x4x3x2x1

The number of possible arrangements = o = ol = 60 ways.

Ex. 21. How many signalscan bemadeby hoisting 2blue, 2red and 5yelow flagson apoleat the
sametime?

9! 9x8XT7x6x5x4x3x2x1 — 755

212151 2x2x5x4x3x2x1 T

Sol. The number of signals=
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Ex. 22. A coinistossed 6times. In how many different wayscan weobtain 4 headsand 2 tails?
Sol. Whether we toss a coin 6 times or toss 6 coins at atime, the number of arrangementswill be
the same.

6!
The number of arrangements of 4 heads and 2 tails out of 6 is 22 = 15.

Ex. 23. How many number scan beformed with digits1, 2, 3,4, 3, 2, 1, sothat odd digitsalways
occupy theodd places?
Sol. The odd digits having two 1's alike and two 3's alike can be arranged in four odd placesin

3!
Thethree even digitshaving two 2’ salike can be arranged in the three even placesin o = 3ways.
The number of numbers=6x 3=18.
Ex. 24. Thereare 3 copieseach of 4 different books. Find thenumber of waysof arrangingthem
on ashelf.
Sol. Total number of books=3 x4 =12

Each of the 4 different titles has 3 copies each

12! 12!

Required number of ways of arranging themon a shelf = 31313/31 ~ (3|);1 = 369600.

Ex. 25. Find thenumber of arrangementsof thelettersof theword ‘BANANA'’ in which thetwo
N’sdonot appear adjacently.
Sol. Considering the two N's as one letter, the number of |etters to be arranged = 5.

5!
Therefore, the number of arrangements = —-= 20 (- Aisrepeated 3 times)

3!

6!
Total number of arrangements if there were no restriction imposed = 3121 = 60.
(Arepeated 3 timesand N repested 2 times)
Reguired number of arrangements = 60 —20 = 40.
Ex. 26. How many numbersgreater than amillion can beformed with thedigits2, 3,0, 3,4, 2, 3?
Sol. A millionisa7-digit number. So any number greater than 1 million will contain al the seven
digits. Since the digit 2 occurs twice and digit 3 occurs thrice and the rest are different, therefore,
!
(2)@3)

possible numbers include those which have 0 at the millions place. Keeping O fixed at the millions
place, the remaining 6 digits out of which 2 occurstwice, 3 occursthrice and therest are different can

|
6 _ 60
(2)(@3!)
. Number of numbers greater than 1 million made from the given digits = 420 — 60 = 360.

Ex. 27.1n how many wayscan theletter sof theword ‘ ARRANGE’ bearranged such that thetwo
r’sdonot occur together?

=420. These

number of possible numberswhich can be formed with the given seven digits=

be arranged in ways.
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Sol. (a) Therearetwo a’s, twor’'sintheword ‘arrange’, therefore the number of arrangements

7!
=201 = 1260. (1)
6!
The number of arrangements in which the two a’s occur together = o = 360. (2

.. Thenumber of arrangementsinwhich 2 r’sdo not occur together = (1) — (2) = 1260—360 = 900.

1.10. Permutations of repeated things
Thenumber of permutationsof n different thingstaken r at a time, when each thing may occur
any number of timesisn".

Supposer placesareto befilled with nthings. Thefirst place can befilled in n ways and when this
has been filled up in any one of these ways, the second place can aso befilled in n waysfor the thing
occupying the first place may occupy the second place also. Thus the first two places can befilled in
nx n=n?ways. Similarly the third place can also befilled in n ways.

Arguing in the samemanner, we concludethat ther placescan befilledinnxnxn.....r times, i.e.,
n" ways.

Ex. 28. In how many wayscan 3 prizesbedistributed among4 boys, when

(i) noboy getsmorethan oneprize;

(if) aboy may get any number of prizes;

(iii) noboy getsall theprizes.

Soal. (i) Thefirst prize can be given to any of the four boys. Then, the second prize can be given
to any of the three boys. Lastly, the third prize can be given to any one of the remaining 2 boys.

. The number of waysin which all the 3'prizescan begiven=4 x 3 x 2 =24,

(ii) In this case, each of the three prizes can be given in 4 ways since a boy can receive any
number of prizes.

. The number of waysin which all the prizescan begiven =4 x 4 x 4= 43 = 64.

(iii) Since anyone of the 4 boys can get al the prizes, therefore, the number of waysin which a
boy gets all the 3 prizes = 4.

- Number of ways in which aboy does not get all the prizes =64 — 4 = 60.
Ex. 29. How many number sof 3-digitscan beformed with thedigits1, 2, 3,4, 5when digitsmay

berepeated? H T 0
Sol. Since repetition is allowed, each of the 3 placesin a 3-digit
number can be filled in 5 ways. 5 5 5
Required number of 3-digit numbers ways | ways | ways

=5x5x5 =53=125

Ex.30. How many number s each containing four digits can beformed, when a digit may be
repeated any number of times?

Sol. Therearein all 10 digits, including zero. Asthefirst digit of the number cannot be zero, so it
can be chosen in 9 ways. Again, as adigit may occur any number of timesin a number, the second,
third and fourth digits of the numbers can be any one of the ten digits and so each of the remaining
three places can befilled in 10 ways.

Hence the total number of 4-digit numbers = 9 x 10° = 9000.

Verification. All the 4-digit numbers will be between 1000 and 9999 and so their number is
9999 —999 = 9000.
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Ex. 31. Eight different letter sof an alphabet aregiven. Wor dsof 4 letter sfrom thesear efor med.
Find thenumber of such wordswith at least oneletter repeated.
Sol. If any letter can be used any number of times, then the number of words of 4 Letters with 8
different lettersis8 x 8 x 8 x 8 =8%= 4096
Number of words of 4 letters with at |east one letter repetition not allowed =8P, =8x 7 x 6 x5
=1680

No of 4 letter words with at |east one letter repeated is 8% —8P, = 4096 — 1680 = 2416.

1.11. Circular permutations

If we have to arrange the five letters A, B, C, D, E, two of the arrangements would be ABCDE;
EABCD (Fig. 1.01) which are two distinct arrangements. Now, if these arrangements are written along
the circumference of a circle, the two arrangements are one and the same. Thus, we conclude that
circular permutations are different only when the
relative order of the objectsischanged otherwisethey

A E
are the same. Thusthe arrangementsin Fig. 1.02are  E D
different.
Asthe number of circular permutations depends : A
ontherelative positions of objects, wefixtheposition D 4 c Z

of one object and then arrange the remaining (n — 1)
objects in all possible ways. This can be done in Fig. 1.01
(n—1) ! ways.

A A
Method 1. Let the 5 persons be denoted by the ¢ £
letters A,B,C, D, E and one of the waysin which they
canformaring beasshowninFig. 1.01. ¢ B
Starting with different letters and reading them D “ D
(6]

in the clockwise direction the various arrangements Fig. 102
of the letters thus obtained are ABCDE, BCDEA, o
CDEAB, DEABC, EABCD.

These are all different linear arrangements but have no essential difference when regarded as
circular arrangements. This:shows that a single circular arrangement of the 5 letters gives rise to 5
different linear arrangements.

Hence if the required number of circular arrangements of the 5 persons be x, the total number of
linear arrangements of the same persons will be 5x.

But we know that the total number of linear arrangements of 5 personsis5!.
5l

=51 . == =41
5X=51 = .~ X 5 41

Thus, the number of waysin which five personsformaring=4!=(5-1) !.

Similarly the number of waysinwhich n personscanformaring=(n—1) !.

Ex. 32. 20 per sonswer einvited for a party. |n how many wayscan they and thehost be seated
around acircular table?1n how many of thesewayswill two particular per sonsbeseated on either
sideof thehost ?

Sol. Thereis 1 host and 20 guests, they are to be seated around a circular table.

(i) Let usfix the seat of one person, say the host, the 20 guests will be seated around the circular
tablein 20! ways, [or, (n—1)! =(21-1) ! =20!]

(i) Thetwo particular persons can be seated on either side of the host in 2 ways and for each way
of their taking seats, the remaining 18 persons can be seated around the circular tablein 18 ! ways.
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Hence the number of ways of seating two particular persons on either side of the host =2 x 18 1.
[or, 2! x (19 —1)!, considering the host and two particular persons as one entity.]

Ex. 33.1n how many wayscan aparty of 4boysand 4 girIsbeseated at acir cular tablesothat no
2boysareadjacent ? (1SC BM 2004)

Sol. Let the girlsfirst take up their seats. They can sitin 3! ways. When they have been seated,
then there remain 4 places for the boys each between two girls. Thereforethe boyscan sitin4! ways.
Thereforethereare 3! x 4!, i.e.,, 144 ways of seating the party.

Ex. 34. A round tableconferenceisto beheld between delegates of 20 countries. In how many
wayscan they beseated if two particular delegatesare

(i) alwaystogether, (ii) never together ?

Sol. (i) Let D, and D, bethe two particular delegates. Considering D, and D, as one delegate, we

have 19 delegatesin al . 19 delegates can be seated round acircular tablein (19—1) ! = 18! ways. But
two particular delegates can seat themselvesin 2! (D; D, or D,D,) ways.

Hence, thetotal number of ways= 18! x 2! =2 (18!)

(it) To find the number of waysin which two particular delegates never sit together, we subtract
the number of ways in which they sit together from the total number of ways of seating 20 persons,
i.e,(20—-1)! =19 ways.

Hence, thetotal number of waysinthiscase= 19! —2 (18!) = 19(18!) -2 (18!) =17 (18!).
1.12. Clockwise and counter-clockwise permutations

We have two types of circular permutations:
(i) Those in which counter-clockwise and clockwise are distinguishable. Thus while seating 4
persons A, B, C, D around atable, the following permutations are considered different. (Fig. 1.03)
(i) Those in which counter-clockwise and anti-clockwise are not distinguishable. (Fig. 1.04)
Thus, (a) whileforming agarland of rosesor jasmine, thefollowing arrangementsare not disturbed
if weturn the garland over.
A

‘ C
Clockwise Counter-clockwise

Fig. 1.03 Fig. 1.04

(b) The distinction between clockwise and anti-clockwise is ignored when a number of people
have to be seated around a table so as not to have the same neighbours.

Ex. 35. Find thenumber of waysin which (i) n different beads, (ii) 10 different beadscan be
arranged to form a necklace.
Sol. Fixing the position of one bead, the remaining beads can be arranged in (n — 1)! ways. As
thereis no distinction between the clockwise and anti-clockwise arrangements, the required number
n-1)!
of ways= (n=2)! 5 !,
(10-1! 1

Number of waysin which 10 different beads can be arranged = > > (9.
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Ex. 36. Find thenumber of waysin which 10different flower scan bestrungtoform agarland so

that 4 particular flowersarenever separated.

Sol. Consider 4 particular flowers as one flower. Then, we have 7 flowers which can be strung to

form agarland in (7 — 1)! = 6! ways. But 4 particular flowers can be arranged in 4! ways.

1
Hence, the required number of ways = > (6! x 41) = 8640.

Ex. 37. In how many wayscan 7 per sonssit around atablesothat all shall not havethesame

neighbour sin any two arrangements.

Sol. 7 persons can sit around atablein 6 ! ways but as each person will have the same neighbours

1
in clockwise and anti-clockwise arrangements, the required number = > 6! = 360.

EXERCISE 1 (c)

1. Of 12 different books a shelf will hold 5; how many different arrangements may be made on the shelf ?
2. In how many ways can the letters of the following words be arranged:

10.

11.

12.

13.

14.

15.
16.

(a) RADIO (b) FOREIGN ?

. In how many other ways can the letters of the word ‘SMPLETON’ be arranged ?
. How many different words beginning and ending with aconsonant can be made out of theletters of theword

‘EQUATION'?

. How many permutations can be made out of the letters of theword ‘ TRIANGLE’ ? How many of these will

begin with T and end with E ?

. How many different words can be formed of the letters of the word ‘ MALENKOV' so that

(i) no two vowels are together,
(ii) the vowels may occupy odd places ?

. In how many ways can the letters of the word ‘ COMBINE’ be arranged so that;

(i) thevowels are never separated ;
(i) al the vowels never come together ;
(iii) vowels occupy only the odd places ?

. Three persons have 4 coats, 5 waistcoats, and 6 hats. Find in how many ways can they put on the clothes.
. If out of 6 flagsany number of flags can be shown at atime, find how many different signals can be made out

of them.

In how many ways can 9 things be arranged taken 4 at atime, and in how many of these arrangements will
aparticular thing be aways included ?

How many different numbers of 4 digits each can be formed with the ten digits, 0, 1, 2,...9 when digitsare
not repeated ?

Fromthedigits 1, 2, 3, 4, 5, 6, how many three-digit odd numbers can be formed when the repetition of the
digitsisnot alowed ? (ISC)

(i) How many different numbers of six digits can be formed with the digits 3, 1, 7, 0, 9, 5?
(i) How many of them are divisible by 10?
(iii) How many of them will have zero in the ten’s place?

How many 5-digit telephone numbers can be formed with the digits 0, 1, 2,..., 8, 9 if each number starts
with 35 and no digit appears more than once ? (1SC)

There are 5 boys and 3 girls. In how many ways can they stand in arow so that no two girls are together?

There are 5 red, 4 white and 3 blue marbles in a bag. They are drawn one by one and arranged in a row.
Assuming that all the 12 marbles are drawn, determine the number of different arrangements. (1SC)
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17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.
28.

29.

30.
31.

How many 7-digit numbers can be formed using the digits 1, 2, 0, 2, 4, 2 and 4? (ISC)

[Hint. Regd. number of numbers = Total possible arrangements—those arrangements have 0in the extreme
7! 6!

321 321

(i) How many different words can be formed with the letters of the word ‘BANGCHUNG' ?

(@ii) In how many of these B and H are never together?

(iii) How many of these begin with B and end with A?

(i) Find how many arrangements can be made with the letters of the word “MATHEMATICS'?

(@ii) In how many of them the vowels occur together? (1SC)

[Hint. (i) [ AAEL|MTHMTCS

1
Imagine 4 vowels written together, Then these 8 letters can be permuted in % = 10080 ways.

left position. =

Corresponding to each of these permutations, the 4 vowels can be arranged among themselves in
41

E = 12 ways.

.. Regd. number of words in which vowels occur together = 10080 x 12 = 120960].

Ten different books are arranged on a shelf. Find the number of different ways in which this can be done,
if two specified books are (a) to be together, (b) not to be together.

In how many ways can 20 books be arranged on a shelf so that a particular pair of books shall not come
together?

Find the number of permutations of the letters of the words
(i) INDIA (i) BHUTAN (iii) MALDIVES (iv) PAKISTAN.

Find the number of ways in which five identical balls can be distributed among ten identical boxes, if not
more than one can go into a box.

How many numbers are there in all which consist of 5 digits?

In how many ways can 5 prizes be distributed among 4 students, when each student may receive
any number of prizes?

In how many ways can 3letters be posted in four letter boxes in avillage ? If al the three letters are not
posted in the same letter box, find the corresponding number of ways of posting.

In how many ways can 8 people sit around a table?

In how many ways can 10 people sit around atable so that all shall not have the same neighbours in any
two arrangements?

A committee of 11 members sits at a round table. In how many ways can they be seated if the ‘ President’
and the ‘ Secretary’ choose to sit together?

In how many ways can 30 different pearls be arranged to form a necklace?

Inhow many ways 6 gentlemen and 3 | adies can be seated round atable so that
every gentleman may have alady by his side.

[Hint. Arrange the seats for 6 gentlemen and 3 ladies as shown. Thiscanbe  Gs
donein 5! (Gentlemen) x 3! (Ladies) = 720 ways.

If arrangements are made in the opposite direction, then the number of
arrangements = 5! x 3! = 720.

Total number of required arrangements = 720 + 720 = 1440.]
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ANSWERS
1. 12p, 2.(3) 120 () 5040  3.(9) -1 4. 4320 5. 40320, 720
6. (i) 14400 (i) 2880 7.720;4320;576 8. 172800 9. 1956 10. 3024, 1344
11. 4536 12. 60 13.()) 600 (i) 120 (i) 120 14. 336
15. 14400 16. 27720 17. 360 18. (i) 90720 (ii) 80640 (iii) 1260
19. (i) % = 4989600 (i) 120960 20. (a) 725760 (b) 2903040 21. 18(191)
22.(i)60 (i) 720 (iii) 40320 (iv) 2520  23. % 24. 90,000 25. 24= 1024
26. 64, 60 27. 5040 28. % @ 29.2(91) 30. % 91

1.13. Combinations

Def. Each of the different groups or selections which can be made by taking some or all of a
number of things at a time (irrespective of the order) is called a combination.

By the number of combinations of n things taken r at atime is meant the number of groups of r
things which can be formed from the n things. The same is denoted by the symbol "C, or C(n, r)

)
r
1.14. Value of "C,

Each combination consists of r different things which can be arranged among themselvesinr !
ways. Therefore, the number of arrangements forall the "C, combinationsis"C, x r I. Thisisequa to
the permutations of n different thingstakenr at atime.

"C, x|r ="P,
. "R _n(n-n(n=2.... (n-r+1
S = 1230t

n“ n n!

Cor 1% = o 5 & T s
Cor. 2. Toprovethat "C, = 1.

n!
Puttingr = nin"C, = (n-ntri we have

ni_nil_nl_,
T (-ninl on 1onl (- 0=1)
Cor. 3. The number of combinations of n different thingstakenr at atimeisequa to the number
of combinations of n different thingstaken (n—r) at atime, i.e, "C,="C,__,.

Pr oof.

Method | . Every timewe select agroup of r thingsweleave behind another group of (n—r) things.
Thus for every combination of (n — r) things there corresponds a combination of r things.
"C.="C_,.

"C
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n! n!

n=rxjn-(-1) (=)t

n! n
Method 11."C, = [rx[noy 20 On-r =

"C, ="C

Cor. 4. If“CX=”Cy,then,either XZyorx+y=n.

n-re

Since"C,="C,="C,, .. x=yorx=n-yie,x+y=n.
Cor. 5. Animportant formula
"C,+"C,_,="*1C, (i1<r<n) (Pasca’sRule)

n n [n + n
CH"Ca = [n=r |- .|(n-r+])

Ir . |(n=r+1) :|£~|(n—r+1)_|_r-|(n—r+1)_ A

Another form.C(n,r)+C(n,r—1)=C(n+1,r),
ie,C(nr=)=C(n+1,r)—C(n,r)
Alternative Proof. Thetotal number of combinationsof n + 1 thingstakenr a atime= combinations

:m{(n—r+1)+r} (n+hn  [(n+D) il

that contain a particular thing + combinations that do not contain a particular thing.

n+1Cr - nCr_l + nCr .

n n-1 n+1
Note. "C, isgreatest if (i) r = 5 ,whenniseven, (ii)r = Y or Y when nisodd.

Ex. 38. Find thevaluesof °C, and ¥C,.

6x5x4 B
1x2x3

Sol. (i) 6C, = 20.

30x29
i ac = O _30c
(i) *Cyg 30-28 2512

=435.
Ex.39.1f $8c =18C_,,, find thevalueof 'C;.

Sol. ASr#r+2,80r +(r +2)=18 .. r=8 . 'C.=8C.=8C _8x7x6 .
CAST#r+2/s0r +(r+2) = s r=8."C=°Cy= 5= Txon3 =0
5
Ex. 40. Find thevalueof 4/C,+ Y, *'Cs.
r=1
5
&)I 47C4+ 252_1‘03 = 51C3+50C3+49C3+48C3+47C3+47C4
r=1
:51C3+50C3+49C3+48C3+48C4 [ nCr + nCr—1:n+1Cr]

— 51, 50 49 49~ — 51, 50 50,
=51C, + 50C, + 99C, + “C, = 51C, + 5C,, + ¥°C,
— 51, 51, — 52,

=5ic, +5Ic, =52C,

Ex. 41. If "C, denotes the number of combinations of n things taken r at a time, then the

expresson "C,,, +"C,_, +2x "C, equals

(a) rH—l(:r+:]_ (b) n+2Cr (C) n+2(:r+:]_ (d) n+1Cr
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10.

n.

© ® N o o A

Sol. (c) Givenexp.="C,,, +"C,_; +2x"C, ="C,, +"C,_, +"C, +"C, (write2x"C ="C +"C)

= (nCr+1 + nCr) + (nCr—l + nCr)
= n+1cr+1 + n+1Cr - n+2Cr+1

Ex.42.1f "C_, =36,"C,=84and "C,,, = 126, then find thevalueof r.

"C, @& n! r-!'(n-r+1)! 84 n-r+1 7
Sol. =—= X =—= =—
"C,, 36 ri(n-n)! n! 36 r 3
n
C 126 ! I(n-r)! 3 - 3
Also, i e e N n xr (n-r) :_:u:_
"C 84 (r+D!'(n-r-1)! n! 2 r+l1 2
. 5r+3
From(ii)2n—2r=3r+3=n= >
5r+3—r+1 ,
Substituting in (i), we get 2—=§ =r=3
r

EXERCISE 1 (d)

. Find the value of:

(@) °C, (b) *°c, ©). *°c,;
. BEvauate:

(i) C (15, 14) (ii)C(8,5) (iii) 11(:2.
. Evauate:

(i) C(19,17) + C(19,18) (i) C (31, 26)~ C (30, 26).

[Hint. Using C (n, r) + C (n, r=1) =C (n + 1, r), we have C (30, 26) + C (30, 25) = C (31, 26)

= C (31, 26) — C (30, 26) = C (30, 25)]

. 1f %P, = nC,, find n,

If "C, = "C, find n:

. 1fC(2n,3):C(n,2)=12: 1, findn.

If "C,:"C,,; =1:2and"C ., :"C,,, = 2: 3, determine the values of nand r.

. If C(n, 10) = C (n, 12), determine C (n, 5).
SIfFC(@2n, r)=C(2n,r + 2), find r interm of n.

6
The value of ¥C, + rZzl %7Cis (@) %C, (b) ®C; (o) *c; (d) *C,

ic, + MIC, > NG, if @n>7 ((Mn=7 (@©n>6 (dn=6

(SC)

(10

(1)

1.(@)10 (b)210 (c)19600 2. ()15 (ii)56 (iii)55 3. (i)190 (i) 142506

ANSWERS

5.10 6.5 7.n=14,r=4
9r=n-1 10. (d) 11. (a)

4.2
8. 26334
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1.15. Practical problems on combination

Ex. 43. 1n how many wayscan 4 per sonsbe selected from amongst 9 per sons? How many times
will aparticular person bealwaysseected?

Sol. The number of ways in which 4 persons can be selected from amongst 9 persons

B OxX8xT7x6
47 1x2x3x4

The number of ways in which a particular person is aways to be selected

=9 126.

_ 8x7x6 _5p
37 1x2x3
EXx. 44. Find the number of diagonalsthat can be drawn by joining the angular points of a
heptagon.
Sol. A heptagon has seven angular points and seven sides.
Thejoin of two angular pointsis either aside or adiagonal.

7x6
1x2
But the number of sides=7 .. The number of diagonals=21—7 = 14.

Ex. 45. A committeeof 4istobesdected from amongst 5boysand 6 girls. In how many wayscan
thisbedoneso astoinclude (i) exactly onegirl, (ii) at least onegir|?

Sol. (i) In this case we have to select one girl out of 6 and 3 boys out of 5.
The number of ways of selecting 3 boys = °C, = °C, = 10.
The number of ways of selecting one girl = 6C1 =6.
Therequired committee can beformedin6 x 10 = 60 ways.
(i) The committee can be formed with
(a) one boy and three girls, or - (b) 2 boys and 2 girls,
or (c) 3 boysand one girl, or (d) 4girlsalone.

The number of linesjoining the angular points='C, = 21,

The committee can be formed in (a) °C, x °C, ways;
The committee can beformed in (b) °C, x °C, ways;
The committee can be formed in (c) °C, x °C, ways;
The committee can beformedin (d) 6C4 ways.

Hence the required number of ways of forming the committee

=5C, x8C;+5C, x 8C, +5C, x C, + ©C, = 100+ 150+ 60 + 15 = 325 ways.

(i) Method | . Required ways= (Committees of 4 out of 11 without any restriction) —(Committees
inwhich no girl isincluded) = *'C, —>C, = 325.

Ex. 46. A student istoanswer 10 out of 13 questionsin an examination such that hemust choose

at least 4from thefir st fivequestions. Find thenumber of choicesavailableto him.
Sol. Two cases are possible :

(i) Selecting 4 out of first five questions and 6 out of remaining 8 questions

5x8x7
1x2

Number of choicesin thiscase=°C, x 8Cs=5C, x 8C, = =140
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(it) Selecting 5 out of first five questions and 5 out of remaining 8 questions.
8xX7x6
i =3 8c_= 8c. ="~ =
= Number of choices=>C; x °C;=1x °C, Ix2x3 56.
Total number of choices= 140 + 56 = 196.

1.16. Miscellaneous types

Typel. Total number of combinations. Tofind thetotal number of combinationsof n dissimilar
things taking any number of them at atime.

Casel.When all thingsaredifferent.

Each thing may be disposed of in two ways. It may either be included or rejected.

Thetotal number of ways of disposing of al thethings=2x2x2x .....ntimes=2"

But this includes the case in which all the things are rejected.

Hence the total number of ways in which one or more things are taken = 2" — 1.

Cor. 2"-1isasothetotal number of the combinations of nthingstaken 1, 2, 3, ...... ornatatime.
Hence, "C, +"C, +"C;+ ...+ "C = 2"-1.

Ex.47. Thereare5questionsin aquestion paper. | n how many wayscan aboy solveoneor more
guestions?

Sol. The boy can dispose of each question in two ways. He may either solve it or leaveit. Thus
the number of ways of disposing of al the questions = 2°.

But thisincludes the case in which he has |eft al the questions unsolved.
Hence the total number of ways of solving the paper = 2° —1 = 31.
Casell.When all thingsarenot different.

Suppose, out of (p+ g+ r +...) things, p are alike of one kind, q are alike of a second kind, r
alike of a third kind, and the rest different.

Out of p thingswe may take 0, 1, 2, 3...... or p. Hence they may be disposed of in (p + 1) ways.
Similarly, q aike things may be disposed of in (q + 1) and r dike thingsin (r + 1) ways. The t
different things may be disposed of in 2t ways.

Thisincludes that case in which al are rejected.

The total number of selections=(p+1) (q+1) (r +1) 2' 1.

Ex. 48. Provethat fromtheletter sof thesentence, ‘ Daddy did adeadly deed’, oneor moreletters
can be selected in 1919 ways.

Sol. Inthe given sentence, thereare9 d's; 3a's; 3€s;2y's; 1i;and 11.
Thetotal number of selections.=(9+1) (3+1) (3+1) (2+1)(1+1)(1+1)-1
=10x4x4x3%x2%x2-1=19109.

Typell. Divison intogroups.

To find the number of waysin which p + g things can be divided into two groups containing p
and g things respectively.

Every time when a set of p things is taken, a second set of g things is left behind. Hence the
required number of ways = the number of combinations of (p + q) thingstaking p a atime

_ptde~ (p+9)!
= Cp _—p!q!
Cor. 1. Generalisation. The number of waysin which p + g+ r things can be divided into three
groups containing p, g and r things respectively
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| | |
- p+q+GCXq+r Cq><rCr _ (p+q+r).x(q+r).xl= (p+q+r)!
p!'(g+r)! g'r! p'q!r!
Similarly the result can be extended to the case of dividing a given number of things into more
than three groups.
Cor. 2. The number of waysin which 3p things can be divided equally into three distinct groups
Bp)!

is (a=p,r=p)
(p°
Cor. 3. The number of ways in which 3p things can be divided into three identical groupsis
(3p)!
3(pH3-

Ex. 49. In how many wayscan 15thingsbedivided into 3 groupscontaining 8,4 and 3 things
respectively ?

_ @
Sol. The number of ways= ¢, = 225225.
Ex. 50. In how many wayscan 18 differ ent booksbedivided equally among 3 students?
) (as)!
Sol. The required number of ways = W
Ex. 51. In how many wayscan 52 playing car dsbeplaced in 4 heapsof 13 cardseach ?In how
many wayscan they bedealt out tofour player sgiving 13 cardseach ?

I
Sol. (i) The number of ways = 52! 7
41(231)
(i) The number of ways = 52!
@nt’

Typelll. Permutationsand Combinationsoccur ring Smultaneoudly.
The method isillustrated by the following examples.

Ex. 52. How many different wor ds, each containing 2 vowelsand 3 consonants, can beformed
with 5vowelsand 17 consonants? (ISC 1996 Type)

Sol. Two vowels can be sdlected in °C, ways.

Three consonants can be sdlected in 'C, ways.

2 vowels and 3 consonants can be selected in °C, x 1'C, ways.

Now, each group of 2 vowels and 3 consonants can be arranged in 5! ways.
Thetotal number of words = °C, x ’C, x 5! = 816000.

Ex.53. Find thenumber of (i) combinations, (ii) permutationsof four |etter staken from theword
EXAMINATION. (ISC 1992 Type)

Sol. Thereare 11 lettersnot all different. They areas. (AA) ; (I1); (N,N); E; X; M ; T; 0.
The following combinations are possible:

(a) 2alike, 24dike =3C,=3;

(b) 2alike, 2 different =3C, x 'C,=63;

(c) All 4different =8¢c,=70.



Ch 1-28 BHSEC Mathematics for Class—XII

Thetotal number of combinations=3+ 63+ 70=136.
The number of permutationsin (a) to (c)

I I
=3x %+63><%+70><4! =18+ 75641680 = 2454.

EXERCISE 1 (¢)

. In how many ways can a committee of 8 be chosen from 10 individuals?
. In how many ways can a committee of five persons be formed out of 8 members when a particular member

istaken every time ?
In how many ways can a committee of 4 be selected out of 12 persons so that a particular person may
(i) aways be taken, (ii) never be taken ?

. In how many ways can a team of 11 players be selected from 14 players when two of them can play as

goakeepers only ?

. A person has got 12 friends of whom 8 are relatives. In how many ways can he invite 7.guests such that 5

of them may be relatives ?

6. How many diagonals are there in a polygon of (i) 8 sides, (ii) 10 sides ? (1SC)

7. In how many ways can a committee, consisting of a chairman, secretary, treasurer and four other members

10.

1.

12.

13.
14.

15.
16.

17.
18.

19.

be chosen from eight persons ?

(Committees with different chairmen, secretaries, treasurers count as different committees.) (SC)

. (@) In how many ways can a student choose 5 courses out of 9 courses if 2 courses are compulsory for

every student? (ISC)

(b) In how many ways can we select a cricket eleven from 17 playersin which 5 players can bowl? Each
cricket team must include 2 bowlers. (SC)

. How many committees of 5 members each can be formed with 8 officials and 4 non-official membersin the

following cases :

(a) each consists of 3 officials and 2 non-official members ;
(b) each contains at least two non-official members ;

(c) aparticular official member is never included ;

(d) aparticular non-official member is alwaysincluded ?

In acollege team there are 15 players of whom 3 are teachers. In how many ways can ateam of 11 players
be selected so as to include (i) only one teacher, (ii) at |east one teacher?

How many different groups can be selected for playing tennis out of 4 ladies and 3 gentlemen, there being
one lady and one gentleman on each side ? (ISC)

If "C,, = "Cy,, find the value of "C,, and #C,..
In how many ways can | invite one or more of six friendsto adinner ?

In.-how many ways can 10 marbles be divided between two boys so that one of them may get 2 and the
other 8 ?

In‘how many ways can a selection be made out of 5 oranges, 8 mangoes and 7 apples ?

In how many ways can 20 articles be packed in the three parcels so that the first contains 8 articles, the
second 7 and the third 5 ?

In how many ways can 28 different things be formed into 4 heaps so that each may contain 7?

In how many ways can 20 students be divided into four equal groups ? In how many ways can these be sent
to four different schools ?

Find the number of four letter arrangements of the letters of the word * SHOOT'. How many of them begin
with O ? (SC)
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

To go on ajourney 8 persons are to be divided into 2 groups, one group to go by car and the other by train.
In how many ways can this be done if there must be at least 3 personsin each group ? (1SC)

A table has 7 seats, 4 being on one side facing the window and 3 being on the opposite side. In how many
ways can 7 people be seated at the table.

(a) if 2 people, X and Y, must sit on the same side; (b) X and Y must sit on opposite sides ;
(c) if 3 people, X, Y and Z, must sit on the side facing the window ? (ISC)

Seven cards, each bearing aletter, can be arranged to spell the word “DOUBLES’. How many three-letter
code-words can be formed from these cards ?

How many of these words
(a) contain the letter S; (b) do not contain the letter O ;
(c) consist of avowel between two consonants ? (GCE)

A committee of 5isto beformed from agroup of 12 students consisting of 8 boysand 4 girls. In how many

ways can the committee be formed if it

(i) consists of exactly 3 boysand 2 girls; (ii) contains at least 3 girls ? (ISC)

There are 5 gentlemen and 4 ladies to dine at around table. In how many ways

can they seat themselves so that no two ladies are together?

[Hint : 5 gentlemen can seat in (5—1) | = 4! = 24 ways. The four ladieswill = G

occupy the places marked L so that no two ladies sit together. They cando soin

°C, x 4 =5 x 41 = 5| = 120 ways. L
Reqd. number of ways = 24 x 120].

There are 12 pointsin a plane, of which 5 are collinear. Find (ISC 1999)

(i) the number of triangles that can be formed with vertices at these points ; Fig. 1.06

(if) the number of straight lines obtained by joining these pointsin pairs. (1SC)
A committee of 5isto beformed from agroup of 10 people, consisting of 4 single men, 4 singlewomen and

amarried couple. The committeeisto consist of achairman, who must be a single man, 2 other men and 2
women,

(i) Find the total number of committees possible,
(if) How many of these would include the married couple ? (ISC)

A committee of 5 personsisto be formed from agroup of 6 gentlemen and 4 ladies. In how many ways can
this be done if the committeeisto include at least one lady ? (ISC)
[Sol. The no. of committees'is equal to
(4C1 x 604) + (4C2 X Bc 3) + (403 x 602) + (4c4 x 6C1)

=(4x15+(6x20)+(4x15 +(1x6)

=60+ 120 + 60 + 6 = 246.]
Method 11 1°C, — 6C, = 246. See solved Ex. 48]

Out of 3 books on Economics, 4 books on Political Science and 5 books on Geography, how many
collections can be made, if each collection consists of

(i) exactly one book on each subject, (ii) at least one book on each subject ? (ISC 1990)

[Sol. (i) The no. of collections = 3C, x 4C, x 5C,; =3 x 4 x 5 = 60.

(i) The no. of collections = (3C, + 3C, + 3C) (°C, + “C, + *C; + “C)) (°C, + °C, + °C, + °C, +°C,)
=(3+3+1)(4+ 6+4+1)(5+10+10+5+1)=7x15x 31 =3255]

Find the number of words which can be formed by taking two alike and two different |etters from the word
“COMBINATION". (ISC 1992)
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[Sol. There are 11 letters, not al different. They are as (O, O), (I, 1), (N,N) ; C,M, B, A, T.

7x6
The number of combinations taking two aike and two different = 3C, x ’C, = 3 x oxl - 63.

4
Each of these combinations givesrise to E ,i.e, 12 words.

Therefore, 63 combinations giverise to 63 x 12, i.e. 756 words. (See also solved Ex. 53)]

ANSWERS
1. 45 2. 35 3. (i) 165 (ii) 330
4. 132 5. 336 6. (i) 20 (ii) 35
7. 1680 8. (a) 35, (b) 2200 9. (a) 336 (b) 456 (c) 462 (d) 330
10. 198; 1353 11. 36 12. 10626. 25
13. 63 14. 90 15. 431
20! 28! 200 20!
16. 817151 17. a7y 18. 4!(5!)4 , (5!)4
19. 60;24 20. 182 21. (a)2160 (b) 2880 (c) 576
22. 210 (890 (b)120 (c)36 23. (i)336 (i) 120 24,2880
25. (i) 210 (i) 57 26. (i) 240 (i) 48 27. 246
REVISION EXERCISE
1. Theset S={1, 2, 3, ...... , 12}is to be partitioned into three sets A, B, C of equal size. Thus
AuBUC=SANB=BnC=AnC=¢. Thenumber of waysto partition Sis
12! 12! 12! 12!
. 12!
[Hint. Number of ways = °C, x 8C, x ‘C, = W]
2. The number of permutations of the letters of the word ‘CONSEQUENCE' in which all the three E's are

together is

9! o A
@9 3! (b) -, © 21213 @ 22

In how many ways can the letters of theword ‘ CABLE’ be arranged so that the vowels should always accupy
odd positions ?

@) 12 (b) 18 () 24 (d) 36

At an election, a voter may vote for any number of candidates, not greater than the number to be elected.
There are 10 candidates and 4 are to be selected. |If avoter votes for at |east one candidate, then the number
of ways in which he can vote is

(a) 5040 (b) 6210 () 1110 (d) 385
[Hint. The no. of ways in which a voter can vote = °C, + 1°C, + 1°C, + °C, ]

If the letters of the word SACHIN are arranged in al possible ways and these words are written out as in
dictionary, then SACHIN appears at serial number

(a) 601 (b) 600 (c) 603 (d) 602
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6.

7.

10.

12.

13.

14,

15.

If ¥C,_ = C,,,,, then the value of r is
(@) 12 (b) 8 ©6 (d) 10

The number of ways in which 6 men and 5 women can dine at a round table if no two women are to sit
together is given by

(a) 6! x 5! (b) 30 (c) 5! x 4l (d) 7! x 5!
[Hint. Sametype as Q. 24 in Exercise 1(e)]

. Let T, denotethe number of triangleswhich can beformed using the vertices of aregular polygon of nsides.

IfT.,,—T, =21, Thenn=
(@) 5 (b) 7 (06 ()4

[Hint. To form atriangle, 3 out of n vertices of aregular polygon should be chosen. Hence, the number of
triangles that can be formed = T, ="C,

- Itisgiventhat T T,=21. So™C,-"C, = 21.

1l

= "C;+"C,-"C;=21= "C,='C, = n =7]

1f %P g1 %P3 =30800: 1, thenr =

(a) 40 (b) 41 () 42 (d) 39

_ 56! 54! 30800
[Hint. 1 x —(50_ N = 30800 x GL-n! = 51-r= —56><55]

If a polygon has 35 diagonals, then the number of its sidesis
(@8 (b) 9 (c)10 (d) 11
[Hint."C,—n=35]

. The number of wordsthat can be formed-out of theletters of the word ARTICLE so that the vowels occupy

even placesis
(@) 36 (b) 574 (c) 144 (d) 754
[Hint. There are 4 odd places and 3 even places and 4 consonents and 3 vowels|

There are 10 lampsin a hall. Each one of them can be switched on independently. The number of waysin
which the hall can beilluminated is

(a) 10? (b) 1023 (c) 210 (d) 10!

In an examination there are three multiple choice questions and each question has 4 choices. Numbers of
ways in which astudent can fail to get all answers correct is

(@11 (b) 12 (c) 27 (d) 63.
[Hint. Each question can be answered in 4 ways and all questions can be answered correctly in only one
way.].

The number of trianglesthat can be formed by choosing the vertices from aset of 12 points, seven of which
lieon the same straight line, is

(a) 185 (b) 175 (c) 115 (d) 105
The number of divisors of 9600 including 1 and 9600 are
(a) 60 (b) 58 (c) 48 (d) 46

[Hint. Given 9600 = 27 x 3 x 52, therefore, number of divisors= (7 + 1) (1 + 1) (2+ 1) = 48.]
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16. How many different words can be formed by jumbling the lettersin the word MISSISS PPI in which no two

Sareadjacent ?

(@ 88c,’c,

(b) 6.7.8C, (©68.7C,

[Hint. First let us arrange Ml PP

7!

This can be donein 2101 Ways.

MxIx[Ix|x]xPxP

(d) 7.5c, &c,

From the aboveit is clear that the four Scan be put in any of the 8 places marked ‘X’ so that no two Sare

adjacent in &C, ways.

. 78 6 o 8
- Total number of required ways =——."Cy =7x "Cy X “Cy]

1. (a)
5. (a)
9. (b)

13.4°-1=63

4121
ANSWERS
2. (d) 3. (d)
6. () 7.(d)
10. (c) 1. (o)

14. (@) ¥c;-'C; =185 15.(0)

4. (d)
8. (b)
12. (b)

16. (d)




DETERMINANTS

of order 2and 3
Minorsand co-factor sof adeter minant
Expansion of adeter minant

Propertiesof adeterminant and their usein theevaluation of
adeterminant

Product of determinants(without proof)

Solution of Simultaneous equationsin 2 or 3variablesusing
Cramer’srule

Conditionsfor consistency of 3 equationsin two variables



HISTORICAL NOTE

The Japanese mathematician Seki Kowa (1683) systematized an old Chinese method of solving
simultaneous linear equations whose coefficients were represented by cal culating sticks, bamboo
rods, placed in squares on atable with the positions of the different squares corresponding to the
coefficients. Inthe process of working out his system, Kowarearranged therodsin away similar
to that used in our simplification of determinants; thus.it is thought that he had the idea of
determinant.

Then years |ater in Europe Gottfied WilhelmVon Leibnitz formally originated determinants and
gave awritten notation for them. The now-standard “vertical line notation” wasgiven in 1841 by
Arthur Cayley.

Determinants were invented independently by Gabriel Cramer, whose now well-known rule for
solving linear systems was published in 1750, athough not in present day notation.

Many other mathematicians also made contributions to determinant theory—among them
Alexandre Theophile Vandermonde, Pierre Simon Laplace. Josef Maria Wronski and Augustin
Louis Cauchy were prominent. |t was Cauchy who applied theword “determinant” to the subject.




Determinants

2.01. What is a determinant?

Any four membersa, b, c and d arearranged in two rows and two columns between two vertical bars,
as shown below, form what is called a determinant of the second order or second order determinant.

Thus the symbol

g b represents a second order determinant and its meaning or value is

d

defined to be ad — bc.

Fig. 2.01
= 5 3| _ _ Q
or example, ‘ 5 1 ‘ =5x1-(2x-3)=5-(-6)=11.

The numbers a, b, c and d are called the elements of the determinant and the expression
ad —bc on R.H.S. is called the expansion of the determinant. The elementsa and b are said to bein
the first row, the elements c and d in the second row, the elements a and c in the first column and the
elements b and d in the second column. Thus a determinant of second order contains 2 rows and 2
columns. The first element, i.e., a is'called the leading element and the diagonal ad the leading
diagonal.

If we consider the two simultaneous equations :

a,X+b y =0

a,Xthy =O}
Elimination of x and y gives

ab,-a,b =0

a b

We may write the expression (a, b, — a, b,) in the determinant form as a, byl

Thus ‘ ?ZX% =a, b,-a,b,.

If we denote an element in the first row and first column by a,,, an element in the first row and
second column by a,, and an element in the second row and first column by a,, and an element in
the second row and second column by a,, (thefirst subscriptsrefer to rowswhile the second subscripts
refer to columns) then we may denote a second order determinant by

o gﬁ‘ = Ay 8y~ 8y A

Definition : For any numbers a,, b,, a,, b, the determinant

D = ! bl‘hasthevalue b, — ab
‘az bz a:|.2 a21.

Ch2-3
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Caution. The determinant | — 3 | should not be confused with the absolute value | — 3 | which is

equal to 3.
Note. We may name agiven determinant by A or D.
Ex. 1. Evaluatethedeter minant ‘ Al, _g‘ .

Sol. A= H ‘g‘ =1x2-(4x—3)=2+12=14

Ex. 2. Find thevalueof thedeter minant

cosA snA
—sin A cos A

Sol. A=cosAxcosA—(—sinAxsinA)=cos’A+sin®A=1.
EXERCISE 2 ()

1. Evauate the following determinants :

o |43 @ |3 3] i) | 4

| x+2 2x+5 y-x =X +xy-y
(iv) _ _ (v) 2 2
3x-1 x-3 X+y X +xy+y
sin10° —cos10°| _ 3 m|
2. Prove that Sin 80° cos8° | = 1. 3. If ‘4 5‘ = 3, find the value of m.

X-1 x-2

4. |If X X—3

: Y koK
‘ =0, findthevalueof x. 5. Determine the value of k for which ‘ 4 2k‘ =0.

ANSWERS
1. () -18 (i) 1 (i) a®+b? (iv) —5¢—14x—1 v) 2y

3
3. m=3 4, X=§ 5 k=02

2.02. Determinant of order 3
An expression of the form
a b ¢
a b ¢
a; by
is called a determinant of the third order. It contains 3 rows and 3 columns and 32, i.e., 9 ements.
A determinant of third order may be written as
&) ap a3
by By Byl
G G G

2.03. Value of a determinant of order 3

Consider the three simultaneous equations :
ax+by+cz=0
a,x+by+c,z =0
a;x+byy+cyz = 0
From the second and third of these equations, proportional values of x, y, zcan be easily found by
the method of cross-multiplication.
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X _ y  _ z _ _«
be, b, | G- ab-ap )

= X = K(byc; —03C,), y = K (a5 — asCy), 2= K (8,05 — aghy)
Substituting in the first equation, we get
8y (b;C3 — bsCy) — by (8,85~ 85C,) + ¢y (Ab; — agh,) =0 (1)

The expression on left-hand side of (1), which isafunction of nine elementsa;, b;, ¢, a,, b,, C,,
ag, by, c; is represented by the determinant

a b ¢
8 b G 2
a; by ¢
a b c
Thus a, b, c; = a| 2 -b Zixizz +C | (3
a; by ¢

&y (0,C3 —0;C)) = by (8,65 — 83C,) + € (Bbs —a5h,)  ..(4)
The above gives you an insight into the origin of determinants. By definition, the expression on
the R.H.S. of (4) iscalled the value of expansion of the determinant givenin (2).

This may be remembered by thefollowing rule.

2.04. The rule of Sarrus

Sarrus gave a rule for a determinant of order 3. It should be noted that such a schematic
representation does not exist for determinants of order greater than 3.

Rule. Write down the three columns of the determinant, and

repeat thefirst two. The positivetermsin the expansion are obtained
from the elements on the lines, running diagonally from the top to / /
bottom (dotted lines), and the negative terms from the elements
running diagonally from bottom to top (full lines), beginning being / //
made, in each case, from an element in the first column.
3 2 2
Ex.3. Evaluate| 6 1 -1/. Flg. 2.02
2 3 2
Sol. By Sarrusdiagram 3 2 2 3 )

Fig. 2.03
The value of the determinant
={3x1x2Z} +{(-2x () x (-2} +{2x 6% (3} —{2x1x (-2} —{3x (D) x (-3} —{(-2) x6x 2}
=6-4-36+4-9+24=-15
Aidtomemory
We have defined the vaue of the determinant
a b ¢
a b ¢
a; by ¢
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asa, (b,c; — bycy) — by (ac5— a5c,) + ¢, (a,b, — agb,) which can be put in the form
b, ¢ ‘ & G a, b
- +
N B AR A P
We start with the element a, in thefirst row and first column. We omit the other elements in that
row and column as indicated below :

P RS- C-eene
% b, (&)
] bs G

The second order determinant that remains, is the multiplier of a, in the expression.  The same
procedure is followed for obtaining the sub-determinants corresponding to b, and-c,.

L= PR ¢ T c, 2 T ¢ Gy
& b, G, a b, G,
& by C3 a b C3

The signs of the multipliers are taken to be alternately positive and negative. Thisis called the
expansion of the determinant by the elements of the first row.

Important note. We can expand a given determinant by the elementsof any row or column
and prefix signs as under :

The signs, alternate, starting with (+) in the left upper hand corner.
Aid to memory. The sign corresponding to i™ row and jth column will be (—1)i *1. Thus the
sign corresponding to element of the third row and second column, i.e., a, will be (1)°* 2 or
-~ 3?;irgilarly the sign that will go with element of the third row and third column, i.e., a is
(-1)°" Cor+.

Thus, if we expand the determinant by the element of the first column, we have

b, | .| g ‘bl G
O e A A T
The expansion by using the second row will be
.| a ‘al G a b
%lb, | %8, o|"%|a b

Working rule : 1. You may multiply by the elements of any row or column.

2. Multiply each element of a row or column you have chosen by the sub-determinant obtained
by deleting the row and the column in which that element lies. Take signs of products as per
rule given above.
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1 3 =2
Ex.4. Evaluate| 4 1 -1
5 -3 2

Sol. Expanding, using thefirst row, we have
_ 1 -1 4 -1 4 1
s =15 35 325 3
=1(2-3)-3(8+5-2(-12-5)=-6.

3 2 1
Ex.5. Findthevalueof |0 1 -8
0 5 7

Sol. Since there are zerosin the first column, it is more convenient to expand by using the first
column.

3
_ 1 -8 2 1 2 1 _ — -
0 1 -8| = 3‘_5 7‘—0‘_5 7‘+0‘1 _8‘-3(7—40)—3(—33)——99.
0 -5 7
a h 9 2 2 2
Ex.6. Provethat |h b f | =abc+ 2fgh—af “—bg”—ch”.
g f c
Sol. Expanding by using first row, we have:
b f h f h b
A= al; C‘—h g c +g‘g f‘=a(bc—f2)—h(ch—fg)+g(hf—bg)

abc — af ? — ch? + fgh + fgh — bg® = abc + 2fgh — af 2 — bg? — ch’.

2.05. Minors and co-factors

Definition. Theminor of an element in a determinant isa determinant that isleft after removing
the row and the column which intersect at the element, and is of order one less than that of the given
determinant.

Consider the determinant

(2 IR R bl --------------- (4]
@G b, %]
- b G

Theminor of a, is

b, 02‘ Similarly, theminor of b, is
b, ¢ 4 :

‘, andthat of ¢, is b, |
and so on.

Ingeneral, theminor M;; of an element a; isthe value of the determinant obtained by deleting the
i=th row and j-th column of the given determinant.

Co-factors. If we apply the appropriate sign to the minor of an element, we have its
co-factor. Thustheminor of b, is

_ P+
‘ % %1 and the co-factor of b, denoted by Ay = ED M
4 G Co-factor Minor
BliS—‘Z gz ,i.e,B =— (8,65 85C)). of of g
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It isclear that the minor and the co-factor of an element have the same value when the sum of the
number of the row and the number of the column of the element is an even number.

Ingeneral, the co-factor A, of a; isdefinedas A, = (- 1) "' M.

Obviously, the co-factor of a; is M;; or — M; according as (i +]) is even or odd.

Remark. Itiseasy to seethat

A=a A ta,A+a;A=b B +b,B,+b;B;=a, A +b, B, + ¢, C, etc,

i.e., thevaue of adeterminant is obtained by multiplying the elementswith co-factors and adding
the resulting products.

Also, it can be easily verified that if we multiply the elements of any row (or column) with the
corresponding co-factors of any other row (or column) and add them, the result is zero,
ie,aB +a,B,+a;B;=0,8 C,+a,C,+a;C;=0c¢etc.

Ex. 7. Find the minors and co-factors of the elements of the determinant

a bo¢
a, b, ¢
a; by ¢
Sol. The element a, occursin the first row and first column.
Therefore, tofind the minor of a,, we deletethefirst row and first column of the given determinant.
The minor M, of a, isgiven by

A =

My, = % %‘ = (bc3— bycy)

Thecofactor of ajis Ay = (-1)' " My =My, = (0,65 byc)

Similarly, minorof byis M, = 2 ((Z =(a,6; — a5C,)
Co-factor of b is A = (1" EMp =My =— (8, 63— 35 C) = (8, — 3,0y)

Minor of ¢, is M3 = 223 % = (ah; —azby)

Co-factor of c, is A = DM =M, = (a,by — aby).
In asimilar manner, we can find the minor and co-factor of each of the remaining elements.
Ex. 8. Find theminor and co-factor of each element of thedeter minant

2 -2 3
1 4 5|
2 1 -3
Sol. Theminorsare
4 5 1 5 1 4
My =11 —3‘=_17' My = |2 —3‘=_13! Mjz = |2 1‘=_7
— 3 2 3 2 -2
My =| 1 —3|=3 My, = |2 3‘:_12’ My = | 2 1‘:6
-2 3 2 3 2 -2
Mg =1 4 5‘:—22: Mg, = |1 5‘:7: Mg = | 1 4‘:10
The co-factors are
_ 1+1 _ _ _ 1+2 _ _
A11 - (_ 1)1 3M11—M11—_17! A12 - (_ 1) M12__M12_13*
+
Ass :(_1)2 1M13:_M13:_7
+
Ay = (=17 My =-My=-3, 2=Myp=-12,

1)2+2M
1) My =My =22,
M

2+3 Ao =
+

Az = (=17 "My=—My=-6 Ay = (- aes

.

Ay = (-1)° My =Mg=10.

3+2
Ay = (D)7 Mp=-Mgp=-7,
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2.06. Value of a determinant in terms of minors and co-factors
Now we can define the value of adeterminant of order 3 asfollows:

a b ¢
8 by G| =a (bt yc) - by (8,5 axy) + ¢; (ah; — aghy)
a; by o
a, (itsminor) — b, (itsminor) + ¢, (itsminor).
b, ¢ a G a, b,
o ‘ by &) a " b
Thisis called the expansion of the determinant by minors of the elements of the first row.
Note 1. Alsofrom the above, we have
A=a,.(itsco-factor) +b, . (itsco-factor) + c, . (itsco-factor)
(. Co-factor of b, = negative of minor of b,)
Note 2. Sinceit is possible, however, to evaluate a determinant by expanding by minors, using

any row or column, not just the first row, therefore, there are six distinct ways of expanding by
minors a determinant of order 3.

Note 3. We may point out that each element of the determinant is paired with a particular
minor; thus, a function is established. The ordered pairs are (an element, its minor).

Note 4. While expanding a determinant by any row or column using minors, we may keep in
mind the following scheme of signs for a third order determinant.

A

+ - 4+
_+_
+ -+

Note5. If arow or acolumn of adeterminant consists of all zeros, the value of the determinant is
Zero.

4 2

-2
Ex. 9. Expressthevalue of the determinant é S —g in terms of the minors of the

elements of the third row.
Sol.  Value of the determinant

= sum of the elements each multiplied by the associated co-factor

-off3-calft J-ulf g

Upon evaluating each of the 2nd order determinants the value — 130 is obtained.

EXERCISE 2 (b)

1. Writethe minors and co-factors of each element of thefirst column of the following determinants and
evaluate the determinant in each case.

o
(¢}

1 a 026
0 ‘g 22‘ (i) [1 b ca (i) |1 5 o
- 1 ¢ ab 371
51 0
2. BEvduate| 2 3 _1 (1SC)
32 0
6 -3 2
3. Find the value of A, where A = 2 -1 2
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4. Find the value of the determinants

1 3 5 X+A X X
0] 2 6 10 (i) |x X+A X
31 11 38 X X X+ A
- 5 15 -25
(iiy |22 3 42 (iv) |7 21 30].
2 2 g 8 24 42
5. Expand the determinants by minors of the given row or column.
13 -1 2 -1 4
6 1 1 2 1 -1
5 1 -1 2 1 -3
@iy |2 3 -1|;row 2 (ivy |1 1 -2|;rowl
4 2 3 2 -2 4
6. Solvefor x
M |313=3 @ |3 7 2|
7. Show that
1 a b
—a 1 cl|=1+a’+b*+c%
-b -c 1
8. Expand and simplify the following :
1 X y 0 tanb6 1 sino 1 0
(i) |0 cosx siny (i) 1 —secH O (i) 0 cosd —cosO
0 sinx cosy sechd  tan® 1 sing 0 1
7 6 X
9. Ifonerootof | 2 x 2[=0isx=-09, findthe other roots.
X 3.7
ANSWERS
1 (i) My=-1,M, =20,A; =-1, A, =— 20, value of determinant = -5
. _|b ca _| b bc _|a bc
(i) Mll_‘c ab"MZl_‘c ab"M31_ b ca
b ca _ | a bc _|a bc
An=|c ab"AZl__‘c | ™=|b ca

Value of the determinant = ab (b —a) + bc (c —b) +ac (a—c)

5 0 _|2 6 _|2 6
@iy My=1{7 1 1M21_‘7 1 » Mgy = 5 0|

50 _ 2 6 12 6
Au=|7 1"A21__‘7 1"%1_‘5 O"
Value of the determinant = — 50.
2. 13 3.0 4. (i)0 (i) x2(3x+x) (i) —8 (iv)0
-17

5. ()67 (ii)5 (iii)53 (iv)4 6. () x=3 (i) x= 2, -

8. (i) cos(x+y) (i) sec®® (iii)sin(0-¢) 9. 27
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2.07. Applications of determinants

Areaof atriangle

You havelearnt in class X1 that the area of atriangle whose verticesare (X, y,), (X5, ¥,): (X3, Y5) IS
given by the expression

% [X (V2= Y3) + % (Vo= V) + X5 (Y = Y,)]

1
= 5 D02 Y9) = Y1 (% X) + Xo¥5 = Xyl
This expression is the expansion of the determinant

x ¥ 1
X Y, 1
X Y3 1
Remark. Since the area has to be a positive quantity, we always take the absol ute value of the
determinant for the area
Hence, area of triangle whose verticesare (X;, y;), (X5, ¥5), (X5, Y5) is given by

x v 1

1

2

Note: The areaof the quadrilateral ABCD, with vertices at (X, Y;), (X, ¥5), (X3, Yg) and (X4, ,)
respectively, is the sum of the areas of the two triangles ABC and ACD. Hence

Areaof quadrilateral ABCD = Areaof A ABC + Areaof A ACD

1% %l 1% %l
:§X2y21+§X3y31-
XY 1 X Y4 1
Ex. 10. Find theareaof thetrianglewhoseverticesare
(-2,-3),(3,2), (-1,-8).
Sol. The areaof the triangle is given by (X4 ¥4) D
-2 -31 C (X3, Y3)
A=|3 3 21
2 1 -81
1 (X1, y1) A _ B (X5, Y5)
= E[1(—24+2)—1(16—3)+1(—4+9)] Fig. 2.04
(by expanding aong the third column).
= %[—22—13+5] = 15 Hence, required area = 15 sq units.

Ex. 11. Ifthepoaints(a, b) (&, b’) and (a— &', b—b’) arecollinear, show that ab” = a’b.
Sol. The given points are collinear if the area of the triangle formed by them is zero,

1] 2 b/ 1
ie, if 5| & b 11 =0
2la-a b-b 1
Expanding along the third column, we get,
a o a b a b
- +1 =0
a-a’ b-b a-a’ b-b a b

a’'(b-b) b (a-a’) —a(b-b") +b(a-a’)+ab —ab=0
a’b—ab’'—ab’ + ab’ —ab+ ab’+ ab—-a’b+ab’—a’b=0
ab’ — a’b=0= ab’ = a’b.

L
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Note. After doing properties of determinants you can simplify more easily by applying

_ a b 1
R, —» R,-R; and R; —» R, -R,, and expanding along C,. — % a—-a b'-b 0|=0
-a -b 0

Ex.12. Find thevalueof x, if theareaof thetrianglewith vertices(x, 4) (2,—6) and (5,4) be35
. cm.

A (x, 4)
Sol. Let the vertices be A (x, 4), B (2, — 6) and
C (5, 4). As, shown, there are two different possible
positions of the vertex A (x, 4). @
For trianglel, the vertices A, B, C are anticlockwise.
. _ B C (5, 4)
Area AABC =35 2. 6)
x 4 1 I
- 112 6 1]|=35 Q!
5 4 1

= X(-6-4)-4(2-5+1(8+30) = 70 or—70 A(x, 4)
Case(i)=>-10x+12+38=70= 10x=—20i.e. x=-2 Fig. 2.05
Case(ii) > x(-6-4)-4(2-5)+1(8+30)=-70

-10x+12+38 = -70 = 10x=120i.e x=12

X = -2,12

EXERCISE 2.€)
1. Find the area of the triangle whose vertices are
(I) (_ 8 - 2)! (_ 4, - 6)! (_ 1, 5) (”) (3! 8)1 (_ 4, 2)1 (51 - 1)
(i) (-=3,5),(3,-6), (7, 2).
2. Using determinants, prove that the following points are collinear
(i) (11,7),(5,5),(-1,3) (i) (0,3),(4,6)and(—8,-3) (iii) (-2,5),(-6,-7),(-=5,—4).
3. Using determinants, find the area of thetriangle whose vertices are (4, — 2), (— 2, 3) and (3, 5). Arethe
given points collinear ?
4. Find the area of the quadrilateral whose verticesare A(1,-1),B(3,1), C(-2,3)andD (- 1, - 2).
5. Show that the points (b, ¢ + @), (¢, a+ b) and (a, b + c) are collinear.
6. (i) Find x so that the points, (3, — 2), (x, 2) and (8, 8) be on aline.
(i) For what value of k the points (5, 5), (k, 1) and (11, 7) are collinear.

7. 1f (X, y), (& 0), (0, b) are collinear, then using determinants prove that g + % =1,
ANSWERS

1. (i) 28squnits (i) 37.5 s units (iii) 46 sg units

3.18.5 sq units, not collinear. 4, % Sg. units 6. ()x=5 (i) k=-7

2.08. Properties of determinants

Determinants have some properties that are useful by virtue of the fact that they permit to
generate equal determinants with different and simpler configurations of entries. This, in turn, helps
us find values of determinants. In other words, they help usin their transformations. We shall list
these properties as shown below, and illustrate them by using third order determinants, but the
properties are valid for determinants of any order.
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Property 1. If each entryin any row, or each entry in any column, of a determinant is 0O, then
the determinantsis equal to 0.

31 5
Forexample |0 0 0| = _O‘Al, _g +0‘§ —g‘_o‘g 4”:0'
2 4 -2

Property 2. If rowsbe changed into columns and columnsinto rows, the determinant remains
unaltered.

5 2 11 5 3 -7 You may evaluate the values of the two
Forexample | 3 4 0| =|2 4 8 determinants and verify.
-7 8 -6 11 0 -6

Property 3. If any two rows (or columns) of a determinant are interchanged, the resulting
determinant is the negative of the original determinant.

& boq b a ¢
ie., B b Gl - b, a, ¢
a; by ¢ b, a, ¢
12 1 2 11
Forexample if A;=| 2 1 2|andA,=—1 2 2| then, A;=-A,
-1 0 1 0 -1 1
(Formed by interchanging C, & C, of A,)
121
Wehave A;=| 2 1 2
-1 01
=1(1x1-0%x2)—-2(2%x1—-(-1) x2)+1(2x0—(-1) x 1) expanding by 1st column
=1-8+1=—
2 11
A2: 1 2 2
0 -1 1
=2(2%x1-(-1)x2)—1(1x1-0x2)+1(1x(-1)+0x 2) expanding by 1st row
=8-1-1=6

- SinceA;, =—6and A,=6, therefore, A; =—A,0or A,=—A,.
Cor. 1. If any line of adeterminant A be passed over mparallel lines, the resulting determinant
A =(-1)MA. Forexample,

a b ¢ b ¢ &
if A=|2 b 6| ad A= & &| thena'=(1%a=A
3 by o by G 3

Cor. 2. Thesign of any termwill be positive or negative according as that term can be made the
principal termin A’ by an even or odd number of movements of lines of A.

-2 1 -4 1 -2 -4
Forexample, | 5 7 1| = ()7 5 1| (Numberofjumpedcolumns=1)
02 0 2 0 O
5 1 -4 -2
= (=D°|7 1 5| (Numberof jumpedcolumns=2)
2 0 O

Property 4. If two rows (or two columns) in a determinant are identical, the determinant is
equal to zero.
a b ¢
a b ¢
a, b, ¢

ie., A = =0
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Proof. A = 3 (bjc,—bycy) — b, (¢, —acy) + ¢, (ayb, —ayb))
= ab,c, —ayb,c; —ayb,c, + ab,c, + ab,c; —ab,c, =0
Hence proved.
[llustration:
1 3 =2
2 4 3 4 3 2
23 4 =15 2[-sf1 2-2]i 3

= 1(-4-12)-3(-6-4)-2(9-2)=-16+30-14=0.
Property 5. If all the elementsof any row (or column) be multiplied by a non zero real number
k, then the value of the new determinant isk times the value of the original determinant.

b ¢ ka; kb, ke
Thus,if A = |a, b, ¢, | and A’=| a, b, <c, | then A”=KA.
a; by ¢ a; by ¢
~ 1 34
For example, 21 i i =3 g 1 g
32) 3-) 35 D
1 3 -1
LHS=|2 1 4]=1(@A%x15+3x4) -3(2x15-6x4) -1(2x-3-6x1)
6 -3 15
=1x27—(3x6)—1(1x—12)=27-18+12=21,
1 3 -1
RHS =3 |2 1 4|=3[1@Ax5+1x 4) -3 (2x5-2x4) -1 (2x-1-2x1)]
2

-1 5
=3[1x9-3%x2—(1x-4)]
=3[9-6+4) =3x7=21.
= LHS=RHS
Cor. If two parallel lines (rows or columns) be such that the elements of one are the
equi-multiplies of the elements of the other, the determinant is equal to O.

Property 6. If each entry in.a row (or column) of a determinant iswritten asthe sum of two
or more terms, then the determinant can be written as the sum of two or more determinants,

_ a+X. b ¢ a b ¢ g bo¢
ie,A=|a,+x, b c,|=|a, b c|+|%x, b c
+ X c c X
[llustration: % » B G % by G 2 B G
] #RE @8 1 2+3 3 1 2 3 1 3 3
2.6 2| =12 1+5 2|=|12 1 2|+|2 5 2
371 3 4+3 1 341 331
LHS = 1(6-14)-2(5-21)+3(10-18)=-8+32-24=0
RHS =[1(1-8)-2(2-12)+3(4-3)]+[1(5-6)—2(3—-9) +3(6—-15)]

(=7+20+3)+(—1+12-27)=16-16=0.

Thus, LHS = RHS

Property 7. If each entry of one row (or column) of a determinant is multiplied by a real
number k and theresulting product is added to the corresponding entry in another row (or column
respectively) in the determinant, then theresulting determinant isequal to the original determinant.

a b ¢ , a by G ,
i.e,if A= a, b, c,|and A =] a, b, c, then A = A",
a, by ¢ a;+ka, by+kb c;+ke
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a b ¢ a b ¢ a b ¢ a b ¢
Proof: A = |& B, G |+] 8 b =la b, ¢ |+k|a b ¢
a; by ¢ ke, kb ke a; by ¢ a b ¢
= A+k.0=A (Since 2 rows areidentical in the 2nd determinant)
1 3 =2 1 3 -2
Forexample, |0 4 3 0 4 3
1 -2 5 1+30) -2+33 5+3(-2
LHS = 1(20+6)-0(15-4)+1(9+8)=26+17=43
1 3 -2
RHS = |0 4 3|=1(-4-2))-0(-3+14)+4(9+8 =-25+68=43.
4 7 -1
Thus,LH.S. = RH.S

Property 8. If to each element of a line (row or column) of a determinant.be added the
equi-multiples of the corresponding elements of one or more parallel lines, the determinant
remains unaltered, i.e.,

a +la, +ma; a,

by +1b, + mb, b, bs

c,+lc,+me; ¢,

0.5
KRR
S FP

& 8 & la, a, a ma; &, a3
LHS = |b b, by|(+|lb, b, by{+/mb; b, b;| (ByProperty 6)

G & G lc, ¢, ¢ me; G G
a B g ay H & a & 4

= |b b b+l bbb {+m b b b |(ByProperty5)
G & G GG G G 6 G
a a &

=|b b, by|+!(0+m(Q) (By Property 4)
G G G
& 8 &

= |Bb b -grus
G G G

A useful notation. Supposeto the 5th row we add mtimesthe 7th row and n timesthe ninth row,
we can denote this operations by Ry — Ry + MR, + nR,. Similarly C; — C, + Cg + rC,, will stand for
the statement “to the third column add q times the fifth column and r times the seventh column.”

Note. These properties, specially property 8, provide very powerful methods for calculating the
values of determinants. We try to get as many zeros as possiblein arow or a column.

Property 9. If the elements of a determinant that involve x are polynomialsin x, and if the
determinant is equal to O when a is substituted for x, then x — a is a factor of the determinant.
Since the element of the determinant involving x are polynomials in X, the expansion of the
determinant will also be a polynomia in x. Asthe determinant isO, for x = a, x—aisafactor of the
determinant.
For example take the following determinant
a b ¢
A = a2 b2 C2
bc ca ab

If a be substituted for b, first two columns become identical and, therefore, A=0. Thus, a—bis
afactor, similarly b—c and c—a arefactors.
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Note. A transformation of any of thefollowing typeiscalled an elementary transfor mation :
(i) Interchange of two rows or two columns.
(if) Multiplication of arow or column of adeterminant by a constant different from zero.
(iif) Addition to the entries of aline of the determinant the constant multiples of a paralel line.
If two determinants are such that each can be obtained from the other by a finite number of
elementary transformations, they are said to be equivalent.
Property 10. Product of two deter minants:
The product of two determinants is obtained by multiplying
(D rowbyrow (2) columnbycolumn (3) columnbyrowand (4) row by column

2 b oalap
Thus, 2 2 P2 T2
a; by ¢ a3 Bs 13

aoy +bf +cy,  ao, +bf, + oy,  aog + bPs+ Gy
= | a0y + B+ Gy a0, + b, + Gy, @0+ BPs + Gy,
a0 + BP; + Cy Ao, + P, F oy, A + b+ ey
Note 1. Theaboveisrow by row multiplication. As stated above you can also multiply rows by
columns or columns by columns.
Note 2. We are not stating the proof here. Thisis not required at this level.
[lustrations:

3

1 Let A, = 2 _86‘andA2=‘_5 7‘,then
AA. = 3 -6|| 2 3| [3x2+(-6)x3 3x(-5+(-6x7
172 7 |4 8 ||-5 7| | 4x2+8x3 4x (-5 +8x7
_|6-18 —15-42] | -12 -57
T |8+24 -20+56| | 32 36
= _12x36—(32X=57)=—432+ 1824 =1392.
1 35 -3 -2 0
2Llet A, =|2 4 6|adA,=| O 5 -1 then
3 57 4 6 O

Ix(—3)+3x(—2)+5x0 1x0+3x5+5x(-1D) 1x4+3x6+5%x0
AD, = 2X(—3)+4x(—2)+6x0 2x0+4x5+6x(-1) 2x4+4x6+6x0
3X(=3+5x(-2)+7x0 3x0+5x5+7x(-1) 3x4+5x6+7x0

-3-6+0 0+15-5 4+18+0 -9 10 22
= | -6-8+0 0+20-6 8+24+0 |=|-14 14 32
-9-10+0 0+25-7 12+30+0 -19 18 42

—9(14x42-18% 32) —(—14) (10x 42—18 x 22) —19 (10 x 32— 14 x 22)
—9(588—576) + 14 (420—396) — 19 (320—308)
—9x 12+ 14x 24—19 x (—12) = — 108 + 336 + 228 = 456.

Property 11. If A” isthe determinant formed by replacing the elements of a determinant A by
their corresponding co-factors, then A” = A%

It suffices to illustrate the theorem for a determinant of third order.
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a b ¢ 1 2 3
LetA=|a, b, c|=[-3 2 -1 then
a; by ¢ 2 -4 3
al2 -1 B w12 3
Aiz(_l)ll_4 31‘_2"0‘2_(_1)21_4 3‘__18!
_ 32 3| _ _ o a2[-3 -l _on22|1 3 _
A3_(_1) 2 _J-‘_ 8!Bi_(1) 2 31‘_7182 (:D 2 3‘ 3!
_ a2l 3| _ _ 33 2| _ 23l 2
B3_(_1) 3 _JJ_ 8101_(1) 2 4‘_81C2_(1) 2 _4‘_81
3| 1 2
Cy = (-9 5 2‘—8
A B G 2 78
A'=|A, B, C|=/-18 -3 8
A B, C| |8 838
-3 8 -18 8 -18 -3
2|5 S e [ F

=2 (24 + 64) —7 (-144 + 64) + 8 (144 — 24)

= 2% 40 — 7 x (-80) + 8 x 120 = 80+ 560 + 960

=1600
1 2 3 1 2.3
A*=|-3 2 -1|=/-3 20 <
2 -4 3 2.4 3
1x1+2x2+3%x3 Ix-3+2x2+3x(-])

—3x1+2x2+(-Dx3 (IX(JP+2x2+(-PYx(-) () x2+2x (-dH+(-)x3
2x1+ (4% 2+3x3 2x(-+ (- x2+(x (-1

(1)

Ix2+2x(-4) + 3x3

2Xx2+ (-4 x (-4 +3x3

14 =23
=|-2. 14 -17 =14‘_1f7 ‘2197‘+2“32 ‘+3“§ _11‘;‘

3 -17 29
=14 (406-289) + 2(-58+51) + 3 (34 - 42)
=14 x117 + 2x(=7) + 3x(-8) = 1638—14—24 = 1600 (2

(and (2) = A’ =A%

Ex. 13. Without expanding, i.e., using propertiesof deter minants, show that

43 1 6
Qi) |35 7 4
17 3 2

1/a a bc
1/b b ca
1/c ¢ ab

(iii)

=0

=0

(1SC)

(ii)

(iv)

9 9 12
1 -3 -4
1 9 12

=0

b2c?
c?a?
a’b?

bc b+c
ca c+al|=0
ab a+b

(1SC)
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Sol. (i) OperatingC, — C, - 7C;, wehave

43-7x6 1 6 116
A = |35-7x4 7 4|=|7 7 4|=0,C andC,beingidentical (Property 4)
17-7x2 3 2 3 32
(i) First take out 3 common from C, and then 4 common from C,
9 3 12 9 3 3
A =31 -1 -4/=3x4|1 -1 -1] =12x0=0, (C,and C, being identical).
1 3 12 1 3 3
1 a bc
a
(iii) Given, A= % b ca| Multiply R, bya, R,by bandR;byc. Then,
¢ a
c
1 a® ahc 1 a® 1
A= 1|1 b* abc|=—L .abc|1 b® 1|=1x0=0.
abc 9 abc 2
1 ¢ abc 1 c¢c 1
[Two columns being identical]
1,1
b’c®> bc b+c be 1 b+c
(V) Lee A = |c’@® ca c+al=abc’|ca’l %+% =0
2.2
a’h® ab a+b b 1 1.1
a b

[Taking bc common from R, cafrom R, and ab from R;]
OperatingR, > R,- R, R, > Ry—= R,

1 1 c+b
bc 1 B+E bc 1 bo
— a%h2c2? . 1 1|_.222 _ _(a-b)
A = abc|c(a b)Oab—abc c(@a-by o0 b
_ 1 1 _ _(@a-9
b@-c 0 . ba-c 0 2
c+b
1 =—
bc be
= a’v’P?(a-b)(a-c) [C O —a—lb
b 0 -L
ac
2.2 .2 be Ck-)’-Cb
- abc (rj)_b) @-9 abc 0 -1 [(Multiplying R, by ab and R, by ac)
-ac abc 0 -1
= bc(a—b) (a—c)x0=0 [R, and R, being identical rows]

Ex. 14. For positivenumber x, yand z show that thenumerical valueof the deter minant

1 log, y log, z
log,, X 1 logy,z| =y (1T

log, x log,y 1
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logy logz
log x log x
1 log,y log,z
Sol. Let A=|log,x 1 log, z|= :gg§ 1 —:33; ,[Using Iognm::ggf:)
log,x log,y 1 logx logy g
log z log z
. logx logy logz
== |logx logy logz
log xlog y109 Z| |5y jogy logz

multiplying R, R,, R; by log x, log y, log z respectively.

0 (v R,R,Ryaeidentica)
Ex. 15. Without expanding thedeter minant, provethat
X+y y+z z+Xx
z X y
1 1 1

3X+y 2x X
4x+3y 3x 3Xx
5x+6y 4x 6X
Sol. (i) Operating R, — R, + R,, we have
X+yY+z X+y+z X+y+2z

0] =0; (1SC)

(i) =3 (ISC)

- z X y
A= 1 1 1
111
= (x+y+2|z x «y|=0,sncetworowsareidentical.
11
X+y 2x X 33X 2x X y 2x X
(i) A = |4x+3y 3 3X|=[4x 3x 3X|[+|3y 3Xx 3KX
5X+ 6y 4x 6x| |5x 4x 6x| |6y 4x 6x
321 1 21
= X4 3 3|+x%|3 3 3
5 46 6 4 6
3 21
= x°|4 3 3|+x%y(0) sinceC, and C, areidentical.
5 46
= X[3(18-12)—2(24-15) + 1 (16— 15)] =xX° (18— 18+ 1) =,
ab c c b a
Ex. 16. Show without expandingthedeterminantthat [b ¢ a|=|b a c|.
c awb acb
a b c c b a
Sol. Let D=|b c a|then(-D)=|a ¢ b (Interchanging C, and C,)
c ab b ac
c b a
Again, —(-D) = | b a c | (Interchanging R, and Ry)
acb
c b a
= D=|b a cl,
acb
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a a+b a+b+c
2a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+3c

Sol. Operating R, - R, - 2R, and R; — R, —3R,, we have

a a+b a+b+c
0 a 2a+b
0 3 7a+3b

3

Ex.17. Provethat =a’.

A =

Expanding by first column
a 2a+b|_ 2 2 .3
A = a‘ 3a 7a+3b‘—a(7a + 3ab - 6a” — 3ab) = a”.

Ex. 18. Without expandingthedeter minant at any stage, provethat
X+1 X+2 x+a

X+2 X+3 X+b

=0,wherea, b, carein A.P.
X+3 X+4 X+¢cC

Sol. Givena, b, careinA.P. .. b—a=c-b=d(common difference)

x+1 xX+2 x+a
Let A= |X+2 X+3 x+b
X+3 X+4 x+c
Operate R, > R,— R, Ry > R;— R,. Then,
X+1 x+2 Xx+a
A = 1 1 b-a 1 1 d
1 1 c-a 1 1 d
0, since R, and R, areidentical.

Ex. 19. Using propertiesof deter minants, provethat

X+1 X+2 x+a‘

= (a+b+c) (ab+bc+ca—a’—b*-c?).

OToO
O
TLOO

Sol. A=

=(a+b+0) =(@+b+0

[Operating R,— R, — R, and R; - R; —R|]
= (@a+b+c){(c—b) (b—c)—(a—b) (a—C)}, expanding dong 1st column.
= (a+b+0{bc—b?—c?+bc—(a’—ab—ac+ha)}
= (a+b+c) (@+bc+ca-a’—b*—c?).

2

—-a Ba  yo
Ex. 20. Provethefollowingidentity: | ap —p> B | =4a’PH
o By

2
—a Ba  ya
Sol. A=| o -p° i}
ay Py v

(I1sC)

(NMOC)

(1)

[From(1)]

(1SC)



Determinants Ch 2-21

Taking, o, 3, Yy common from C,, C,, C, respectively

— o o o
A= oyl p -p B
Y Y =Y
Now taking o, B, y common from R, R,, R; respectively
-1 1 1
A= P 1 -1 1
1 1 -
Now applying R, - R, + R, and R; — R; + R;, we have
-1 11
A= oB| 00 2
020

Now expanding by using C,, A = aB%/* (1) ‘ g % = — oY (0- 4) = 4B

0 ab’ ac’ +c a a
Ex.21 Evaluate() | a®h 0 bc?|, (i) b c+a b | (1S0)
a%c b O c c a+b
0 ab® ac’ 0 b ¢ 01 1
Sol. () [a® 0 bc?| =abc|a® 0 c®|=abc(abc®|1 0 1
a’c b’c 0 a> b? 0 110

= (abe) (a°b°c?) [<1(0-1) + 1 (1-0)] = 2a%b°C>.
(if) Expanding by using first row, we get

A

b c+a
a‘c c

c+ta b b b
(b+c)‘ c a+b‘_a‘c a+b‘+

(b+c)(ca+bc+a’+ab—bc)—a(ab+b*—bc) +a(bc—c?—ac)
4 abc, al other terms cancelling out on simplification.
Ex. 22. (a) Solvethefollowingequations:

X 3 7
M2 x 2|=0
7 6 X
3-x -6 3
(i)l -6 3-x 3 =0
3 -6-X
(b) - Usepropertiesof determinantsto solvefor x: (1SC)
X+a b c
c X+b a |[=0
a b X+cC
X 3 7 X+9 X+9 Xx+9
Sol.(a) (i)Given,|2 x 2|=0=| 2 X 2 |=0 [Ri >R +R+ Ry
7 6 X 7 6 X
111 1 0 0
= (x+9)[2 x 2|=0= (x+9)|2 x-2 0 |=0 [C,=C,-C,C;—>C;-C]
7 6 X 7 -1 x-7
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= x+9|* 7 2. |=0 (expandingdongR) = (x+9) (x~2) (x-7)=0
= X=-9 or x=2 or x=7 .. Thesolutionsetis{-9,2,7}.
3-x -6 3 -x -6 3
(i) Gven| -6 3-x 3 |=0= |~X 372x 3 1=0 jc _,c+c,+Cy
3 3 _6_x -x 3 -6-x
1 -6 3 1 -6 3
= -x[1 3-x 3 [=0=>1{0 9-x 0 |=0 [R,—»R,-R,R,—>R;—R]
1 3 -6-x 0 9 -9-x
9-x 0 .
= —xx1 9 —(9+X) =0 (expanding aong C,)

= —X[-(9-X(9+X)-0=0 = x(9-x(x+9=0
= Xx=0 or x=9 or x=-9. .. Thesolutionsetis{-9,0,9}.

X+ a b c Xx+a+b+c b C
(b) cC X+b al| = | x+a+b+c x+b a (UsingC, »C,+C,+C)
a b x+c x+a+b+c b x+c
1 b C
= (x+a+tb+c) |1 x+b [ a
1 b x+c
1 b c
= (x+at+b+c)|0 x a-c
0 —-x x+c-a
(UsngR,—»R,-R,andR; » R, —R))
= (x+a+b+c)[x(x+c—a)+x(a-c)]
[Expanding by means of elementsin C,]
= (x+a+b+c) ¥
Xx+a b c
c x+b a | =x¥(x+a+b+0)=0
a b x+c

x =0, or —(atb-o0).

b+c c+a a+b a b c
Ex.23. Provethat | g+r r+p p+q|(=2|p q r
Yy+2zZ zZ+X X+Yy X y z

Sol. Operating C, — C, + C, + C;, we have

2(b+c+a c+a a+b

2(g+r+p) r+p p+q
2(y+z+X) z+X X+Yy

A =

Operating C, » C, - C, and C; — C; - C;, we have

A=2 b:;::a :b :f -9 a ) Operating C, — C, + C, + C; and
=< N =4 P9 T taking— common from C, and C;.
y+z+x -y -z Xy z
a+b+2 a b 3
Ex. 24. Provethat c b+c+2a b =2(a+b+c)".

c a c+a+2b
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a+b+2c a b
Sol. Given determinant = c b+c+2a b
c a c+a+2b
Applying C, — C, + (C, + C,), weobtain
2(@a+b+0 a b 1 a b
2(a+b+c) b+c+2a b =2@+b+c)|1l b+c+2a b
2(@+b+¢ a c+a+2b 1 a c+a+2b
R—>R-RadR;—R—R =
1 a b
A=2(a+b+c¢)|0 b+c+a 0 .
0 0 c+a+b
=2(@+b+c).1{(b+c+a)(c+a+b)—(0x0)}
=2(@+b+ 0)3. [Expanding by using 1st column]
1
Ex. 25. Show that | o” (@—B) B-7) (y— o) (ap + By + yov). (1SC 2006)

1 1
; B Y
o’ By
Sol. Applying C, - C,—-C, and C; — C; - C,, we get
1 0 0

2 2 2 2 2
o B-a° Y -a
ol Bs_a3 y?’—(x3

>
1

expanding along R;

2 2 .2 2
=1. l33_0(3 Y3_0C3
- ¥ -«

B-0o)(v-0

2[3+oc , Zy+oc ,
B*+of+a” ¥ +oy+o

B-vy Y+o
[32+OL[3—’YZ—O€’Y Y+ oy + o

—-v Y+OC
v)+0t(B Y ¥ +ay+o’

Y+ o

B-0)(y-—0)B- Y)B+v+0c v+ oy + 02
B=0)(y—0) B-7I[1.(F+oy+0d)—(y+0) (B+y+0)]
~@-B)(B-7) (y— o) (P +ay+ o —yB—¥ —you— o —ay— o)
—(@=-B)B-v -0 (of-Py-yx)
(a=PB) B-7) (v— ) (e + Py + you).

EX. 26. Expressthe determinant | A | in factors, where

B-o) (y-o) Applying C, - C, - C,

B-o)(v= 0t)(I3

1 1 1
|A|= b = (a-b)(b—<)(c—a)(a+b+c) (1sC)
3 3 3
a~ b c
Sol. Applying C; = C, -C,and C, — C, - C;, we get
0 0 1 0 0 1
A =| a-b b-c c|= a-b b-c c
a-p p*-c & (a—b)(a2+ab+b2) (b—c)(b2+bc+cz) c
0 0 1
=(a-b)(b-rc) 1 1 c

a®+ab+b®> b>+bc+c®
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Expanding by using R,

(a—b) (b—c).1[1(b*+bc+cD)—1(a°+ab+b?)
= (a-b) (b—c) (bc+c*—a’—ab)=(a—h) (b—c) {b(c—a) + (c—a) (c+a)}
=(@a-b)y(b-c)(c-a)(b+c+a)=(a—b)(b-c)(c—a)(a+ b+ ).

a’ az—(b—c)2 bc
Ex.27. Provethat | B> b>—(c—a)* ca|=(a-b)(b—c)(c—a)(a+b+0) (@ +b’+cD).
2 ?-(a-h? ab

(1SC)
Sol. ApplyingC, - C,-2C, -2C,, weget
a? —(a2+b2+c2) bc a® 1 be
A= | b —@+b%+c) cal=-@+b°+c)|b* 1 ca
c? —(a2+b2+c2) ab ¢ 1 ab
1 a® be
= (a2+b2 +cz) 1 b* ca Interchanging C, and C,
1 c¢® ab
Multiplying R;, R, and R, by &, b and ¢ respectively.
a a° abc
= (a2+b2+02)><a% b b® abc
Clc & abe
a a® 1 1a a
= (a2+b2+02)><@ b b 1 =(a2+b2+c2) 1 b b
abc 3 3
c c 1 1 coc

Now prove as in Ex. 26.

2 2 2
X° yt oz
Ex. 28. Provethat | yz. zx' xy | =(X=¥) (Y—=2 (z—X) (xy +yz+ 2x). (NMOC 1994)
X 'y z
X2 y2 Z2
Sol. Let A = | Y2 ZX Xy
X y z
. 3 y3 A
= —|xyz xyz xyz|,multiplying C,, C, and C; by x, y and z respectively.
XyZ| 2 2
Xy oz
oy A 1 1 1
S L B T T N S e y3 z (R, <> R)*
Xyz 2 y2 2 2 y2 2

*

i.e.,, interchanging R and R,
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1 1 1
2 2 2
A - o
NEREI R R
Now, operatingC, — C,-C;,C; —» C;-C;
1 0 0
2 2 2 2
A= | Y oxP o= y3—x3 23_X3 , expanding along R
B Yo Ao Y X Tox
+X Z+X
=O0@ X120 02 22
y+ X z-y _
= (Y=-X) (z—X) V2l 4 xy (zz—y2)+x(z—y) , operating C,= C, - C,;

= (y=-9(z-x(z-Y)

y+x
y2+x2+xy X+y+z
= (x=Y) (Y=2) =X [(y+X) (x+y+2) = L (Y + X +xy)]

= (X=Y) (y=2) @ Dy +y* +yz+ x4y + 2= Y25 -]

= X=y)(y-2 (z—X) (xy +yz+ ).

Ex.29. Provethat

Sol. Let the given determinant be = A. Then, C; — C, -C,and C, —» C, - C, gives

A

l1+a 1
1 1+b
1 1

a o0 1
-b b 1
0 -c 1+c

a(b+bc+c)+bc=abc+ ab+ ac+ bc= abc(1+zll+%+;—l;).

1
1

1+c

— abc (1

1

1,1 1
T kgt )

=abc+ ab + bc + ca.

b 1
-c 1+c

-b b
478 ¢

Ex. 30. Using properties of determinants, show that

[
0o w
o, T, 9,

O T

(o
oy

I

PP PP [l el
o
(o}

1 a a®-hc
1 b b*-cal=0

(ISC)

abc | Multiplying and dividing R, by a, R, by b and R; by c.

1 ¢ c®-ab
—bc 1 a a
—cal=|1b b*|-
—ab 1 ¢ ¢
2 1aazabc
2 2

-—|b b
2 abccczabc
2 a a’ 1
2| _abc 2
2 abccczl
a’ a a’ 1
b> |-|b b® 1|=
c? c ¢ 1

[ =

O T
ONUNQJ

b b® 1| TakingabccommonfromC,

2

+
O oo
O N
ONO'NSD

Interchanging C, and C,
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2
2
2

(o]

=0. Interchanging C, and C,.

O T o
S
|
N
O T o
9)

sn’A sSnA oo A
in’B snB cos’B | = —(snA-sinB)(sinB-sinC) (sn C-sin A)
§n’C sSnC s’ C
(1SC)
.2 . 2 .2 . .2
sin“A snA cos” A sn“A sinA 1-sin“ A
sn’B snB cos’B|=|sn’B sinB 1-sin’B
sn’C snC cos’C| |sin’C sinC 1-sin’C

Sol. Let A

sin?A sinA 1| |sin?A sinA sin’A

= |sin?B sinB 1|-|sin?B sinB sin’B

sn’C snC 1| [sin?’C sinC sn’C

sn?A-sin’B snA-sinB 0 Two columns being identical
- |sn?B-sin’C snB-sinC 0 |-0. Izr?ﬂ?s?tdzt.oépply

sin’C sinC 1 R—>R-RadR, >R, -R,

sin” A—sin’B sin A-sinB
sinB-sin°’C sinB-sinC
sinA+sinB 1| Taking common factors
snB+snC 1| outfromR and R,.

= (SnA-sinB) (snB-sinC)[1. (sinA+snB)-1(sinB+snC)]

= (sinA-sinB) (snB-=sinC) (snA-sinC)

= —(sinA-sinB) (snB-sinC) (snC-snA).

=1 , &xpanding along C,.

= (snA-sinB)(snB-snC)

(b'+c)? a’ a’

Ex.32. Provethat | b+ (c+a)?® b? |=2abc(a+b+c).
c? c? (a+ b)2

Sol. Let the given determinant be denoted by A.

Operating C; — C, — C;and C, — C, — C;, we get

(b+c)2—a2 0 a’
o2 0 c+a’-b b
¢®—(a+h)?® c?—(a+b? (a+b)?
(a+b+c)(b+c-2a) 0 a?
= 0 (c+a+b(c+a-h b?

(c+a+b)y(c—-a-b) (c+a+b(c—a-b) (a+b)2

b+c-a 0 2

(a+b+c)2 0 c+a-b b?
c—a-b (c—-a-b) (a+b)2

Taking (a+ b+ ¢) common from
C, andC,
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b+c-a 0 a’
= (a+b+0)? 0 c+a-b b’ | OperatingR, — R,— (R, +
9 cra-b b | OperatingR,—R~(R +R)

STy ab + ac — a° 0 a’

- (@+b+o” 0 bc + ba—b? b? (Applying C; — aC,, C, — bC,)
ab ~2ab —2ab  2ab

(a+b+c)2 ab + ac a’ a’

= S %2 bc-sba 2t§b (Applying C, - C, +C,, C, > C,+ CJ
b+c a a ;

B (a+b+c)2 Taking a, b and 2ab common from
=5 ab . 2ab g C -6 a tl) R, R, and R, respectively

=2ab(a+ b+ c)? th;c cfa‘ expanding along R,

=2ab(a+ b+ c)?{(b+c)(c+a)—ab} =2abc(a+ b+ c)

1+a’-b’ 2ab —2b
Ex. 33. Show that 2ab 1-a’+b? 2a =(1+a’+b)? (1SC)
2b -2a 1-a% - p?
1+ a% +b? 0 =2b .
0 1+ a2+ b2 2a Applying C, — C, - bC,

Sol. A = 2 |G, = C, +aC

b@+ a’+ b2) —a(l+ a’+ b2) 1-a°-b

1 0 -2b
01 2a
b —-a 1-a°-b?
Expanding along C,, we get
A= (1+a+bd)’[1.(1-a®—b?+2a%) +b(0+2h)]
= 1+a’+b?)? (1-a®—b?+2a°+209)
= @+a’+p)?(L+a’+bA)=(1+a+bd)>
x x* 1+x°
Ex.34. Ifx,y, zaredifferentand A= | y y2 1+ y3 =0,
z 22 1+7

= (1+a° +b)? Taking out 1+ a” + b” common from C, and C,

then show that 1 +xyz=0. (ISC 1988, 1995, 2004)
Xx x° 1 x X X
Sol.  A=|y Y 1ll+|y ¥ ¥
z 72 1 z 7 7
x X2 1 1 x %2 1 x x° 1 x X
=y ¥ l+xz|ly Y |=(D*1y ¥y |+xz|1ly vy
z 7 1 1 z v 1 z z 1 z z
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(Number of jumped columns = 2 in the first determinant)

1 x X
= |1y ¥ [@+x).
1 z z
X 1 X x?
2

]
B e
N < X
N <

=10 y-x y*-x°| (applying R, > R,— R, and R; > Ry —R))
0 z—-x 22-x
1 X x?
0 1 y+x
01 z+x

(Y=x(z-%

(y=X) (z=x) . 1{1(z+x) -1 (y + X)} expanding by using R,
= (y=%) (=% (z-y) =(x-Y) (y-2) (z-%)
A = (1+x2) (x-y) (y-2) (z-X.
Itisgiventhat A=0 .. (1+xy2 (X-Yy)(y—-2 (z—x)=0
But X #y#2zZ = (X=y)(y-2((z-x)#0 .. 1+xyz=0.

1 a®+bc a°
Ex.35. Provethat | 1 b?+ac b® | =(a—b)(c—b)(c=a) (@ +b®+c?.
1 c*+ab ¢

Sol. Operating, R, - R,—R; and R; — R, — R, we get

1 a® +bc a’
D=|[0 0W-a)-c(b-a) b’-a°
0 (c°-a’)-b(c=-a) c*-a°
1 a? +bc a®
=0 b-abd+a-c (b—a)(b2+a2+ab)
0 (c—-a(c+a-b (c—a)(cz+a2+ac)
1 a’+hc a’
- (b-a)(c-a)|0 b+ra-c b*+a’+ab
0 cta-b c?+a’+ac
b+a-c b’+a’+ab .
= (b- -
(b—-2a)(c-a) cra_b 4824 ac | EPACingaongC,.
2b-c) (-c)(a+b+0 .
= D= (-3~ c+a-b) cE+a’+ac |APPVINGR —R-R

2 at+b+c
c+a-b c?+a’+ac
(a-b) (c—b) (c—a)[2(c*+a’+ac)—(a+b+C) (c+a—D)]
= (a-b) (c—b) (c—a) (@ +b*+c?).

(b-a)(c-a)(b-0
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1 q a+d
Ex.36. Ifp,g,rarenotinG.P.,and P P =0,
1 a a+a
pa+q qo+r 0
show that, por® + 2qot +r =0. (IsC)
1 % (H% 1 o oc+%
Sol. (C,»C,-C) = | 1 Ioasf=] 1 v oc+é
q q
po+q qou+r 0 po+q qa+r 0
0 o 4.r
P q
= 1 o o+t |R2R-R)
q
po+qg qo+r 0
q r 1 -0 L
= E_G) po+q qo+r , using first row
2
—pr
= 7 @) <1 (-0) (po+
o - pr
= (po” + 2qo. + 1) = 0;if po”+ go+1 = 0.
[sinceqz—pr;to,asp,q,rarenotinG.P.]
b c
—0 fi p q r
Ex. 37.1f g q ;: =0, find thevalue of p_a+q_b+r_c(p¢a,q¢b,r¢c).

Sol. Operating R, = R, — Ry, R, = R, — R;, the given equation becomes

p-a 0 c-r
0 qg-b c-r
a b r

= r(p—a)(q—h) +b(p-a)(r-c)+a(q—b)(r—c)=0 [Expanding by R;]
r b a _
r—chq—bJr p-a

=0 = (p-a){r(@-b)-b(c—n} +(c-r){-a(q-b)} =0

= 0 [Dividing throughout by (p—a) (q—b) (r —c)]

oot bodrqg @-P*p.g , T 3, 9 4, P _g
r—c g-b p-a r-c g-b p-a

P, 94 , I —»
p-a q-b r-c
Ex. 38. Show that thevalueof thefollowing deter minant isnegative, if a, band carepostiveand

OToD

b
c
a

To O

unequal (ISC,11T)
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Sol. Ry = R; + R, + R;gives

(@a+b+c) (@a+b+c) (@a+b+0) 111
D = c a =(@+b+c)|b c a
c a b c ab

Now applying C, - C,-C,and C; - C;-C,;

1 0 0
b c-b a-b
c a-c¢c b-c

c-b

D=(a+b+¢) =(a+b+<3)‘a_C g:tc)‘,expandingalongRl

(a+b+c)[-b*—c?+2bc—a’+ab+ ac—bc]
—(@+b+c)[b?+c?+a’—ab—ac—bhc]

—%(a+ b+c)[(a—b)2+ (b—c)2+ (c—az)]_
The expression (a— b)? + (b — ¢)? + (c — a)* being the sum of perfect squaresisaways positive.
Therefore, the above expression is necessarily negative as a, b and ¢ are positive and unequal.

EXERCISE 2 (d)
1. (a) Without evaluating Problems (i) to (x) state why each statement is true.

2 31 313 -2 10
i) |0 0 0]|=0 (i) |0 1 0| =0 (iii) 3 4 1| =0
-1 2 0 121 -4 2 0
7 3 20 2 311 6 1 3 2
. 2120 2:.0.1 2 . -2 0 1 4
(v |4 11 0]=0 M. 2031 1]=0 M) | 36 1 2(=0
0210 0120 -4 0 2 8
321 345 2 3 21 21 2 3
(vii) |4 0 7| =|2 0 3 (viii) |12 4 7|=|7 11 4
5 3 4 17 4 6 15 8 8 6 15
12 7 6 0 13 2+3 -1 2 2 -1 2 3 -1 2
(ix |6 0 13|=-|1 2 7 ) |3+4 0 1|=|(3 0 1{+|4 0 1
8 3 5 8 3 3 4+5 3 O 4 30 5 3 0
1 -3 2 1 20
(b) fA=|2 3 -1|andB=|-3 3 1|, without expanding show that |A|=|B].
0O 1 0 2 -1 0
[Hint.” Use property 2]. (NMOC)
(c) Without actually expanding the determinant but stating and using the theorems on determinants,
1 2 3 12 3
2 3 4/ _/11 1
showthat |3 4 5| =11 9 1
2. Without expanding the determinant show that :
42 1 6 5 15 -25
0] 28 7 4| =0 [Hint. Takeout 7 common from C]. @iy |7 212 30(|=0
14 3 2 8 24 42
X+y X X
(i) | 5x+4y 4x 2x|=x°
10x +8y 8x 3X

[Hint. Operate R, - R, - 2R;, R; = R; — 3R;. Now, expand by Cj].
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Va a® bc
(iv) |¥b b* ca|=0
1vc ¢ ab
3. Using the properties of determinants, show that :
0 p-q p-r

) Ja-p 0 qg-r
r-pr—-q O

=0 (NMOC)

1 X+vy x2+y2
(i) [1 y+z y*+22 | =x-y)(y-2 (z-X
1 z+x 22 +X

2 3 7
13 17 5
15 20 12

1 1 1
(iii) a b c
b+c c+a a+b

=0 (iv) =0

v)

X 2
X+A X [=A"(3X+A).
X X+ A

) snx cos’x 1
M) | cos?x  sin?x 1|=0
-10 12 2

4. Without expanding the determinant at any stage; prove that

=0,whereq, B, yarein A.P. (NMOC)

Xx-3 X-4 xX-a
x-2 x-3 x-B
X-1 x-2 Xx-y

Using properties of Determinants, evaluate :
a-b b-c c-a
5 |b-c c-a a-b
c-a a-b b-c

(1SC)

1
6. 1 -1 1
1 1 -1

-

a [Hint. Apply C, — C,-4C,, C;— C;-9C,]. (1SC)
52

8. Solvethe following equations:

1 4 20
@1 -2 5
1 2x 5%

15-2x 11 10
11-3x 17 16

=0 \T) (i)
7-x 14 13

=0 (NMOC)

X+ a b C
a X+b c
a b X+C

x-1 1 1

Gi) | 1 x-1 1 [=0 (iv)

) -1 5-A -1
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a a’ b+c

9. |b b? a+c|=(b-c)(c-a)(a=b)(@a+b+c)
c ¢ a+b

[Hint. Operate C;, — C, + C;, take out (a + b + ¢) common. Operate R, - R,—R,,R; > R;—R,,
expand.]

1 a b+c
10. {1 b c+a
1 c a+b

=0

—a®> ab ac

11. | pa -b? bc | =4a°b* (1SC 2002)
ac bc —c?

y+z z y
12. zZ zZ+X X
y X X+y
[Hint. Usefirst C; —» C, - (C, + Cy), then R, —» R, — R;, and expand)]
a+b+c -c -b

13. -C a+b+c -a

-b -a a+b+c
[Hint. Apply C; = C,+C,, C, —» C, + C;thenapply Ri— R+ R; , R, = R, + Ryand expand along
Cl.

1
4. |1
1

1 1 1
a B v

= 4xyz (ISC 1996)

=2(@+b)y(b+c)(c+a).

=X=N -2 @z-x (x+y+2 [See Solved Ex. 26]

N < X
N < X

15. =@-BB-v@-a (1SC)

Y oyoo off

p

1 bc bc(b+c)
16. |1 ca ca(c+a) |=0 (1SC)
1 ab ab(a+h)

1 a a

17. |a b c|&@-bb-0(c-a) o (LD E=@bb-0c-a
2 g2 2 1 ¢ c?
(NMOC)
1 b+c b*+c?
18 |1 c+a c?+a’ =(b-c)(c—a)(a—-b)
1 a+b a%+b?

[Hint. Apply R, > R,— R, Ry, > Ry — R;]

) b+c c+a a+b 5 o o
19. (i) |c+a a+b b+c|=2(@+b+c)(@+bc+ca-a”-b°-c)
a+b b+c c+a
b+c c+a a+b a b c
(i) |[c+a a+b b+c|=2|b ¢ a
a+b b+c c+a c awb

[Hint. Apply C, - C, +C,+C,, thenC,—-C,-C,,C; > C,-C,.
Now, C, — C, — (C, + C;) Finaly, interchange R;, R, and R,, Rj]
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X y z

20. [ y* 2 =(x-y) (Y-2) (2-%) (xy +yz+ ) (ISC 1991)
yz X Xy
X 'y z
2 2 2|

21 | Xy 2 |=xz(x-y)(y-2) (2-%) (ISC)
X3 y3 23

22. (i) Without expanding the determinant, show that (x +y + 2) is afactor of the determinant and also

X—-y—-2 2X 2X
find its value: 2y y-z-x 2y (ISC 2007)
2z 2z Z—-X-Y
[Hint. Ry - R +R, +Rj].
a-b-c 2a 2a 3
(ii) Show that 2b b-c-a 2b =(@a+b+c (ISC)
2c 2c c—-a-b

[Hint. Apply R, - R, + R, +R;. Thenapply C, - C,—-C, and C; — C;—C|].

-2a a+b a+c
23. |b+a -2 b+c|=4(@+b)(b+c)(c+a). [Hint. Apply factor property (Property 9)]
c+a c+b -2
X+a b C 5
24. (i) a x+b ¢ |=x"(x+a+b+c) (1SC)
a b x+c
[Hint. Apply C, — C, + C,+ C;and take out commonfactor, ThenR, - R,—R;, R; > R;—R}].
X pq
iy [P X A=+ pra)(x=p)(x=a).
p g X
X a a
(iif) a x a :(x+2a)(x—a)2. (1SC)
a a x
1+ & a
(lV) a1 1+a2 a3 :1+al+a2+a3
N a  l+ag
[Hint. (i), (iii) and (iv). Apply same method as for (i)]
a b C
~b b-c c-a|=a’+b%+c®-3ahc
25 () |2 = - (1SC)
b+c c+a a+b
[Hint. ApplyingC, — C, +C,+ C;,a+ b+ ciseasily seen to be afactor].
a b-c c-b
@ |2°¢ P C-al_aipb_o)(b+c-a)(cta-h) (1SC)
a-b b-a ¢
a? bc ac+c?
2 2 4222
2. a“+ab b ac |[=4a‘bec”.

ab b? + be c?
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27.

28.

29.

30.

31

32.

33.

[Hint. (i) Takea, b and ¢ common from C,, C, and C; respectively,
(ii) Apply R, >R, —R, —Ry, (i) Apply C, > C,~C;,  (iv) Expand dlong R}].

a’+1 ab ac , o
ab b%+1 be |=l+a”+b”+c”. (ISC 2005)

ac bc c®+1

Without expanding the determinants, show that

N

1 a be 1aa2
1 b cal =|1Db b
1 c¢c ab 1¢ &

[Hint. 1. Operate aR;, bR,, cR, and divide the whole det. by abc. 2. Interchange C; with C,
3. Interchange C, and C,)

a-b-c 2a 2a
_ 3
2b b-c-a 2b =(a+b+c)°. (1SC)
2c 2c c—a-b

[Hint. R, = R, + R, + R;, Take out (a + b + ¢) common. Then, C, — C,-C,;, C; — C;— C,. Now,
expandaong R

2oy 22
Using properties of determinants, prove that X y3 2 (= xyz (X=y) (y—2 (z—X) (Xy + 2y + 2X)
XyzZ yZX . Xy

(1SC 2001)
[Hint. Take xyz common from R,. Then apply C; — C, - C,, C, = C, - C;, €tc]
Y+Z X+y X
Using properties of determinants, provethat | z+x y+z y| =X +y*+2Z —3xyz (1SC 2000)
X+y Z+X z

Yy+Z X+y X X+y+zZ y X
[Hint, | 2¥X Y*Z Yo | z8X+Y 2 Y| (c - c,+Cy)and(C,—C,-C)
X+y zZ+X Z X+y+z X z
1y X 1 vy X
=(x+y+2 (1 Z y|=(x+y+2 |0 Z-y y-X| (R,>R,-R)ad(R;—>R;—R)
1 x z 0 x-z z-y

= (x+y+2)[1 (z-y)*~ (y—X) (x—2) etc]

Using properties of determinants, find the value of the following determinant :

X X% x
3 2
y- 'y y (I'sC 2003)
2 2z
a b ax + by
Prove that b c bx+cy|= (b2 —ac) (ax2+2bxy + cy2) (1SC 2008)

ax+by bx+cy 0
[Hint. Operate R, — R;— xR, —yR,]
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ANSWERS
1. (a) (i) Eachelement in the second row iszero (i) First and third columns are identical .
(iii) The elements in the third row are equi-multiples of the corresponding elements in the first
row.
(iv) Each element in the fourth column is zero (v) Thefirst and the third rows are identical .
(vi) Theedementsin thefourth row are equi-multiples of the corresponding elementsin the second row.
(vii) The rows are changed into columns and columns into rows.
(viii) The third column has passed over two (even) columns, namely first and second.
(ix) When the first and the second rows are interchanged, the resulting determinant is the negative
of the origina determinant.
(x) Each element in the first column is the sum of two terms, therefore the determinant can be
written as the sum of two determinants.
5 0 6.4 7. -8

8. () x=-1,2 (i) x=4 (i) x=-1,2,2 (ivy x=0,—(@a+b+c)
(V) ,=2,3,6 22. (i) (x+y+z)3 32.xyzX-y) (y—2 (z—X)

2.09. Solutions of linear equations using determinants. (Cramer’s rule)
1. Consider the simultaneous equations a,x + b,y = ¢;, a,x+ b,y = ¢,

Solving these equations, we gt~ x = 240G Ly =25 %G
ab, —ab ab, —ah

Writing in determinant form, we can express the solution as

‘cl by ‘ai G
« = G b Z& y= B G :&
‘81 b| D ‘81 b| D
a b a b
Observe that determinant D in the denominator is really the determinant of the co-efficients. In

the determinant D,, the co-efficients of X, i.e., &, and a, are replaced by the constant terms ¢, and ¢,
while in the determinant D,, the co-efficients of y, i.e. b, and b, are replaced by the constant terms.

2. Now consider the following system of equations:
a,x+by+cz =d;

axthytc,z = d, (1)
a3x+bgy+C3z = dg
d b g ax+hy+gz b ¢
then | d20 02 & | _ |&X+bhy+Gz b G [Substituting for dy, d,, d, from (1)]
d; by ¢ aX+by+cz by ¢
ax b ¢
_ |aXx b o
ax by
a b ¢
a bz — X_ldleO.Sl
= x| C - Using the short notations, where |d;b,c,|
b o by | b,

is the determinant obtained from the determinant | a,b,c; | of the co-efficients, by replacing
a,, a,, a; by d,, d,, d, respectively.
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Hence, = %ﬁz: , provided |a,b,c, |#0
|3 d, G| _labd;|

d z=112%3l
labcl o ‘T labg

These equations are referred to as Cramer’ sRule after the Swiss mathematician Gabriel Cramer

Inthesameway, y =

(1704 — 1752).
For short, we can write the above results as
D
X = %,yziy, Z:% or Di:l:i:%, provided D # 0.

X y z
Important note : It may be noted that constant terms in the given equations are on the
right side.

D, D
e

Aid to memory. Note that

(1) The denominator (D) in all the three X, y and z is the determinant of the co-efficients of
X, y and z in the equations.

(2) The numerator D, in X is the determinant obtained from the determinant D by replacing
the x co-efficients a,, a,, a; by the constant terms d,, d,, ds.

(3) D, isobtained onreplacing the y-coeffts. by constant termsand D, isobtained on replacing
the z-coeffts. by constant terms.

Remarks 1. Cramer’s rule can be used in exactly the same way to solve the system of n
equations in n unknowns.

2. Cramer’srule does not apply if D = 0.
Working rule. Let the system of three linear equationsin x, y, z be
ayx+tby+cz =d

a,x+b,y+c,z = d, ()
agX+byy+cyz = d,
g (B, G
Step 1. EvduateD=|a, b, ¢C,
a by g
. . . . Dx Dy DZ
Step 2. If D # 0, then the given equations have a unique solution and x = D’ y=F, z=3,
where D, is the determinant obtained on replacing the x-coeffts. a,, a,, a, by the constants d,, d,, d,
, d b ¢
ie,D,=[dy b, Cf.
dy by ¢

Similarly, D, isthe determinant obtained on replacing the y-coeffts. b;, b,, b; by the constants
d;, d,, d; and d, is the determinant obtained on replacing the z-coeffts. ¢, c,, ¢; by the constants
dy, d, ds.

& d ¢ & b d
Dy =18 d G|, D, =3 b d
a; d; G a; by dg

Note. If D =0, then the given system does not have a unique solution. For detailed discussion
of this case, read the next article.
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Remark. If d,=d,=d;=0in (i), thenthe system of equationsis said to behomogeneous system,
otherwiseit is called anon-homogeneous system of equations.

2.10. Consistent, inconsistent and dependent equations
Consider the following systems of egquations :
@ x+y=-1 @ x+y=5 @ x+y=5
8x+3y =2 4x+4y =20 Ax+4dy =7
On solving these systems of equations, you will find that

(i) thefirst system has only one solution, namely, x = 1, y = — 2. We say that the system-is
consistent.

(ii) the second system has infinitely many solutions, namely x =k, y=5-k.
(iii) the third system has no solution, i.e., we cannot find values of x and y that may satisfy
both the equations simultaneously. In this case, we say that the system is inconsistent.

Remark. If asystem of linear equations has an infinite number of solutions, then the equations
are said to be dependent.

A system of equations is said to be consistent if its solution exists whether unique or
not, otherwise it is said to be inconsistent.

2.11. Conditions of inconsistency

(A) For a system of simultaneous linear equations with 2 unknowns.
Rule.
(i) If D # 0, then the given system of equations is consistent and has a unique solution,
namely.
— Dx h Dy X _Yy_1
X = E,y—F:FX—D—y—B [SO|V€dEX39]
(i) 1f D=0and D, =D, =0, thenthe system may be consistent with infinitely many solutions
or inconsistent. [Solved Ex. 40 (ii)]
(iii) If D=0and at least one of D, and D, is non-zero then the system has no solution, i.e., the

system is inconsistent. [Solved Ex. 40 (i)]
The aboveruleis diagrammatically displayed below :
FindD
: 1
D=0 D=0
Unique solution
(Consistent)
Oneof D,and D, #0 D, and D, both =0
No solution

(Inconsistent)

Infinitely many
solutions (Consistent)

or
No solution (Inconsistent)
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(B) For asystem of 3 simultaneous linear equations involving 3 unknowns.

Rule.
(i) If D #0, then the given system of equationsis consistent and has a unique solution namely,
_DX _D _Dz X_y_Z_l
X= D Y= D zZ= D = D, = D, = D, =D .[Solved Ex. 41, 42, 43, 44]

(i) 1fD=0andD,=D,=D,=0, thenthegiven system may be consistent with infinitely many
solutions[Ex 46, 47, 48] or inconsistent having no solution [Ex. 49]. If consistent, then take
any two equations out of the three given equations and shift one of the variables say zon the
right hand side to obtain two equationsin x, y. Solve these two equations by cramer’sruleto
obtain x, y interms of z [Solved Ex. 46, 47, 48]

(i) 1f D =0and at least one of the determinants D,,, D,, D, is not zero, than the given system of
equations isinconsistent. [Solved Ex. 45, 50]

(iv) Ifd;,=d,=d;=0,i.e, the given system consists of homogeneous linear equations, then
system has only the trivial solution, i.e. x=y=2z=0. If D =0, the system of equations
[Solved Ex. 51, 52, 53] is consistent and will have infinite solutions.

The above discussion may be diagrammatically summarised as under :

Find D
U
J >
D#0 D=0
Unique solutionl 7 L 1
Consistent D, =D, 2%\ At |east one of
x:%,y:%, z:% ! D, D, D, is
Consistent not zero
: l
(Infinitely many solutions)
or
Inconsistent I nconsistent
(No solution) (No solution)

2.12. Consistency of three equations in two variables (Concurrency test)
Consider the eguations

ax+by+c =0 (D)
a,x+b,y+c, =0 .(2)
agx+byy+c; =0 -(3)

The system of three equations is consistent, if there exists an ordered pair (h, k) of rational
numbers, which is a solution of all the three equations. A discussion of the condition of consistency
in the genera case being beyond the scope of the book, we assume that two of the three equations
admit of a unique solution. We suppose that the first two equations have a unique solution and then
find the condition that the system is consistent.

Thus assuming thet (a, b, — a, b,) # 0, the unique solution of (1) and (2) is

(blcz‘bzcl ClaZ_CZal)

ab, —ab’ ab, —ab
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It will also be asolution of (3) provided

0G0, L1y G%=Ga ¢

B ab,—a,h 2 ab,-a,b
or equivalently,
3y (b,c3—b;c) - b, (a,c3—-a5C) + ¢, (8, b3 —-b,a5) =0
& b ¢
or a b c| =0 (4)
a3 by g

Thus, (4) is the condition of consistency of the given system under the assumption a,b, — a,
b, # 0. This condition (4) is also referred to as the eliminant of the given system of equations and
the process of finding the condition of consistency is called elimination.

Ex. 39. Use Cramer’sruleto solve

() Tx+2y—25=0 i) 2+3=0
Xy
2X—y—4=0, 1 24
Xy
Sol. (i) Thegiven equations are
x+2y = 5 (1)
-y = 4 (2
D = ‘; _21‘ =—7-4=-11. Since D =0, therefore, the solution exists.
D, = ‘245 _21‘=—25—8=—33, Dyz‘; Zf‘=28—50=—22
_ b, -33._. D, 22 P
X = F___11_3 y_F__—ll_Z' Hence, x=3,y=2.
Ly . 2 3_
(if) Given system of equations are ~ +§ =0
1_2:7
Xy
Let % =uand L =v. Then the given equations become
2u+3v =0
u-2v =7
D=‘21 _§‘=—4—3=—7,Du=‘9 _:23‘=—21,DV=H (7"=14
, _ Db, -21_ 1 _D, 14 _ _ 1
By Cramer’sruleu= D 7 —3:>x_§,v— D -7 =-2 = y= >
-1 -1
Hence,x—sandy— >
Ex. 40. Solvethefollowing system of equations
(i) x+3y=2 (i) 2x+7y=9

2x+6y=7 4x +14y=18
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Sal. (i) X+3y =2 (1)
2x+6y =7 -2
1 3 2 3

D:‘Z 6‘ =6-6=0, Dx:‘7 6 =12-21=-9

Since &t |east one of the determinants D, # O, therefore, the given systemisinconsistent i.e., it has
no solution

(ii) 2x+7y =9 (D)
4x+14y = 18 (2
2 7

D= ‘ 4 14‘ =28-28=0

DX=‘198 174‘ = 126-126=0, Dyz‘i 5| =36-36=0
SinceD=0and D, =D, =0, therefore, the system hasinfinitely many solutionsor isinconsistent.
Let x=k. Then, from (1), 2k+7y=9 = y= 9_—72k
Substituting thisvalue in (2), we get
4(k)+14(9‘—72") =18 = 4k+18-4k=18 > '18=18 whichistrue.

The given system has infinitely many solutionsgivenby x=k, y = 9__72k , Where kis any

real number. The system is dependent.
Ex. 41. Using determinants, solve the equations
—4Ax+2y—9z = 2, 3x+4y+z=5 'x-3y+2z=8

-4 2 -9
Sol. LeteD = 3 4 1
1 -3 2
=-4(8+3)-2(6=1)-9(-9-4)=-44-10+117=63
D #0 .. The solution exists.
2 2 -9
D, =|5 4 1(=2(8+3)-2(10-8)-9(-15-32)=22-4+423=441
8 -3 2
~4 2 -9
D, =/ 3 5 1/=-4(10-8)-2(6-1)-9(24-5=-8-10-171=-189
18 2
-4 2 2
D, =| 3 4 5|=-4(32+15-2(24-5)+2(-9-4)=-188-38-26=-252
1 -3 8
1 D, -189 D, -252
:—X=—= === =—Z=—=—4
X D5~ & "Y" D" @ %D &

The solutionisx = 7, y=-3, z=—4.
Ex. 42. Solvethefollowing system of equationsby Cramer’srule
2,3,10 4 6.5 6,9_2_,

S+=4+—==4—-—+==land —+=
X y z X y z Xy z
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1
Sol. Let %: Uy —vand 7 =W Then, the above set of equations becomes
2u+3v+10w =4
4u-6v+5w = 1
6u+9v—-20w = 2

3 10
-6 5
9 -20

3 10
-6 5

=2 (120 - 45) - 3(-80-30) + 10 (36 + 36)
=150+ 330+ 720=1200« 0 ... solution exists.

=4(120 - 45) - 3(-20-10) +10 (9+12)
=300+ 90+ 210= 600

9 -20
1 8 =2(20-10-4(-80-30) +10(8-6)
12 -20 =-60+ 440+ 20 =400

3 4

& 1l =2(12-9 - 3(8 6)+4(36+36)
i 64 28822

<U
I

U|:U ORN OBN NRD OAN
H

9 2
- 1200 2’ D 1200 3’ D 1200 5
1_11_11_1
|e, —_ = —==, —=— = = =.
X2y~ 37 4:>x 2,y=312z=5
Ex.43. UseCramer’sruletosolve
X+y+z=1, ax+by+cz=k, a’x + b’y +c’z=k? (ISC)
1 1 1 1 0 0 1 0 0
Sol.Le¢e D ={a b c|=|a . .b-a <c-a [=(b-a(c-a) 1 1
a? b? c? a? b*-a® c?-a’ a’ b+a c+a
- 1|_
= (b—-a)(c-a)l. b+a c+a‘ (b—a)(c-a)(c+ta—-b-a)
= (b—a)(c—a)(c—b)=(a-b)(b-c)(c-4a) (1)
1 1 1
D, = | K b =(k—Db) (b-c) (c—K) replacing aby kin (1)
k% b® c?
Smilarly,
1 1 1 1 1 1
Dp=]a k c|=(@-K(k-c(-a), D,=|2a b k|=(a-b)(b-k) (k-a)
a> k? ¢ a? b® K
Then x = Dx_(k-be-K DB (@a-Kk-09  _D,_(b-K(k-2a)

D @bec-a ' D @Dbb-9 > D (b-9c-a
Ex.44. Find a, b, cwhen f (x) =ax?+bx + ¢, f (0) =6, f (2) = 11 and f (- 3) = 6. Determinethe
quadraticfunction f (x) and find itsvaluewhen x = 1.
Sol. f(x) = a+bx+c; Puting x=0, 2 —3wehave
f(0) =a-0+b-0+c=6,f(2)=a-4+b-2+c=11,
f(-3) =a-9+b-(-3)+c=6
= 0-a+0-b+c=6 4a+2b+c=11, 9a-3b+c=6
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00 1
D=4 2 1/=1(-12-1§=-30#0 . Thesolution exists.
9 -3 1
6 01
D = 11 2 1 :6 2+3 +1 —33—12 :%_45:_15,9( | d ]SI’(]N
®]6 -31 ngaong
06 1
D, = [& 1 1 =—6(a-9)+1(24-99=30-75=-45
0 0 6
4 2 11|og 1 18=6(30)=_
D, = |g _5 | =6(-12-18=6(-30)=-180
_ Db _-25_1, b, _-4_3 D _-180 ¢
= D7-3 2" D -3 2 D -3

f(x) = a+bx+c= %x2+%x+6.

1, (1) = %x(l)z +%x1+ 6=8. Hence thevalueof (x) at x=1is8.

when X

Ex.45. Determinewhether thesystem
X—=3y+2z = 4, 2x+y-3z=-2, 4x-5y+z=5isconsistent.

1 -3 2 4 -3 2
Sol. A =12 1 -3|=0.However, A,=|-2 1 -3 |=-7
4 -5 1 5 -5 1

Since at |east one of the determinants A,, A, A, # 0 so the equations areinconsistent. Thiscould
be seen in another way by multiplying the first equation by 2 and adding to the second equation to
obtain 4x — 5y + z = 6 which is not consistent with'the last equation.

Ex.46. Determinewhether thesystem
AX—-2y+6z = 8, 2x-y+3z=5, 2x—y+ 3z =4 isconsistent.
Sol. The given equations are

Ix—2y+6z = 8 )
2X-y+3z =5 (2
2X-y+3z = 4 )
4 -2 6 8 -2 6
D=1]2 -1 3|=0 D,=|5 -1 3(=0
2 -1 4 -1 3
4 8 6 4 -2 8
D, =1]2 5 3|=0 D,=|{2 -1 5|=0
Y l2 4 3 2 -1 4

SinceD =D, =D, =D,=0, therefore, nothing definite can be concluded from these facts. The
system may be consistent or inconsistent.

On closer examination of the system, we notice that the second and third equations are
inconsistent. Hence the system is inconsistent.

Ex. 47. Solvethe following system of equations by using determinants :

X—y+3z =6
X+3y-3z = -4
5x+3y+3z = 10 (1sC)
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Sol. The given equations are

X—y+3z = 6
X+3y—-3z = -4
5x+3y+3z = 10
1 -1 3
D = % g —% =1(9+9)+1(3+15)+3(3—-15) =18+18-36=0
6 -1 3
Further, D, =|-4 3 -3|=6(18)+1(-12+30)+3(-12-30)=0
10 3 3
1 6 3
D, =|1 -4 -3 |=1(-12+30)-6(3+15)+3(10+20)=0
v = 1: 10 3 ( ) —6(3+15) +3( )
1 -1 6
D,=1|1 3 -4|=1(30+12)+1(10+20)+6(3—-15)=0
=1z 3 10 ( ) +1( ) +6(3-15)

The system has either infinitely many solutions or no solution.
Putting z = k in the first two equations, we get
X—y = 6-3k
X+3y = —4+3k
This represents a system of two equations in two variables x, y.

D= |7 3‘_3+1_4¢o_
_ | 6-3k  —1|_gqlar. .
D, = | 4 3‘—18 9K — 4+ 3k =14 — 6k

_ |1 63k |_ e
D, = |] _4i 3 |=—4+3%K-6+3k=6k-10.

(= Dx_14-6k_ 7-% Dy 6k-10 3k-5
"D a4 2 7TbTTa T2
Putting the values of x,.y and zin the last equation, we get
5( 1=K )1 3(X=5) 1% =10
2 2
= 35— 15k + 9k — 15 + 6k
The solution isx = 7_23k, y= 3k2_5,z:k , where k is any real number.
These are infinitely many solutions.
EX.48. Determinewhether thesystem
2X+y—-2z = 4, x-2y+z=-2, bx-5y+z=-2isconsistent.
Sol. D =D, =D, =D,=0.Hence nothing can be concluded from these facts.

20 = 20=20, whichistrue.

Solving thefirst two equations for xand y (in terms of z), x = % (z+2),y= % (z+2).

These values are found by substitution to satisfy the third equation. (If they did not satisfy the
third equation the system would be inconsistent).

Hence the values x = %(z+ 2), y:§(2+2) satisfy the system and there are infinite sets

of solutions, obtained by assigning variousvaluesto z. Thusif z=3,thenx=3,y=4;if z=—2, then
x=0, y=0; etc. Hencethe system of equationsis dependent.
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Ex.49. Solve: x+y+z=1,2x+2y+22=2,3x+3y+3z=4.
Sol. The given equations are

X+y+z =1 (1)
2X+2y+2z = 2 (2
3x+3y+3z = 4 e

111
D=1(2 2 2|=0
333

Since D = 0, Cramer’srule does not apply. However, we observethat D, = D,=D,=0. Therefare,
the system may have infinite solutions or no solution.

To check, consider equations (1) and (3) and let z = k, we have

Xx+y = 1-k (4
3x+3y = 4-3k ..(5)
! _ |11 1|_ _l1-k 1] _ 2
Since D = ‘1 3 =0 and Dx_‘4—3k 3 =3-3k-4+3k=-1=0.

Therefore, the system of equations given by equations (4) and (5) has no solution. [Remark (iii),
Art. 2.11].

Hence, the system of given equations will have no solution, i.e,, it isinconsistent.
Ex. 50. By using deter minants, provethat thereisno solution for theequations:

X+4y—-2z = 3, 3X+y+52=7, 2x+3y+z=5. (1C)
Sol. The given equations are
X+4y—-2z = 3
3X+y+5z =7
22+3y+z = 5

Remark. In order to show that the given system of equationsisinconsistent, it is also sufficient
to show that D = 0 and at least one of D,, Dy, D, is non-zero.

1 4 -2
Here, D=|3 1 5|=1(1-15-4(3-10-2(9-2)=-14+28-14=0
2 3 1
The system has either infinitely many solutions or no solution.
3 4 -2
Further, D, = Z, % ? =3(1-15-4(7-25)-2(21-5=-2

Since, at least one of the determinants D, D,, D, # O therefore the given system is inconsistent.

Homogeneous equations
Ex.51. Provethat thefollowing system of equationsar e consistent.

(i) 4x+5y-9=0 (i) Xx+3y+z=0
Nx-4y-7=0 55x + 5y +72=0
Xx+2y—-3=0 X+ 7y+3z=0
Sol. (i) The equations are consistent
4 5 -9
if 11 -4 -7| =0

1 2 -3
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i.e,if4(12+14)-5(-33+7)—9(22+4)=0, i.e, if 104+130—-234=0, whichistrue. Hence,
the equations are consistent.
(if) The equations are consistent if

1 31
5 5 7
9 7 3

LH.S=1(15-49)-55(9-7)+9(21-5)=-34-110+144=0
Hence, the equations are consistent.
Ex.52. Solvethefollowing system of homogeneousequations:

=0

3Xx—4y+5z =0
Xx+y-2z =0
2X+3y+z =0
. 5=l 71 3|=30+6)+40+4+5(3-2)
' - =21+20+5=46=0
2 3 1
Since D # 0, by remark (iv), Art. 2.11 (B), the system of equations has only trivial solution, i.e.,
x=y=z=0.
Ex. 53. Solvethe following system of homogeneous equations
Xx+y—-2z =0 (1)
2x+y-3z =0 (2
5x+4y-9z =0 ..(3)
1 -2l 9119 -1(-18+15-2(8-5)
Sol. D=2 1 -3/23%3 520
5 4 -9|T°t°~0=

SinceD =0, by remark (iv), Art 2.11 (B) in Cramer’srulethe system hasinfinite solutions. Consider
first two equations and take z=k. Then,

x+y =2k
2x+y =3k
Solving these equations by Cramer’s rule, we have
11 1] _ |2k 1) 12k
D_‘Z 1‘__1;&0' D, = |3k 1‘__k’Dy_‘2 3k =-k
’ _DX__k_ _Dy_—k_
HencebyCramersruIex—D——_—l—k,y- D=1 =k

y
By substituting the values of x, y, zin equation (3), we have
LHS = 5x+4y—9z=5k+4k—-9%=0=R.H.S.

Since equation (3) is satisfied, therefore, x =k, y = k, z= kisthe solution for each ke R
EXERCISE 2 (e)

Solve the following systems of equations, using determinants :

1. 7x-2y=-7 2. 5x+2y=3 3. x+y=1
xX-y=1 3X+2y=5 X—2y=8
4. 3x+ay=4 5. () 1i2_g (i) 2_1_g
Xy Xy
- 3.1__ 3,2_5
X +tay=2,a#0 x+y_ 1 x 'y
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6. 2x+3y=0 7. 3X+4y=1 8. 5x—-y=7
2x—3y=0 6x+8y=2 15x—3y=21

12.

14.

15.

[Hint. D#0,D,=0, Dy: 0
The system has only the trivial solution x =y = 0]

x-y=1 10. 5x—-7y+z=11 11. x+3y+5z=22
X+z2=-6 6x—-8y—-z=15 5x—-3y+2z=5
x+y—-2z=3 (1SC 2002) X+2y—-62=7 9x + 8y —3z=16
X-y+z=4 13. 2x-y+3z=1

2X+y-3z=0 X+2y—z=2

3X+y+z=6 Sy-5z=3

The sum of three numbersis 6. If we multiply the third number by 2 and add the first number to the

result, we get 7. By adding second and third numbers to three times the first number, we get 12.
Use determinants to find the numbers.

[Hint. Theeguationsarex+y+z=6, 2z+x=7, y+z+3x=12. Solvethese by Cramer’'srule]
The perimeter of atriangleis45 cm. The longest side exceeds the shortest side by 8 cm and the sum

of the lengths of the longest and the shortest side is twice the length of the other side. Find the
lengths of sides of the triangle.

Determine whether each system is consistent.

16.

18.

20.

21.

22.

23.

24.

X-y=5 17. 2x-3y+z=1
I4x-2y=7 (IsC) X+2y—z=1
3X—-y+22=6
X+3y—-2z=2 19. 2x—-y+z=4
X-y-z=1 X+3y+2z=12
2X+6y—-4z=3 3x+2y+3z=10
X+y=2
xX-z=1

2y—3z=1 (ISC 1998)
(i) Show that the following equations are consistent :
IXx—-3y+1=0,7x-8y+10=0,x+y-5=0
(i) Find whether the following equations are consistent :
2Xx+3y—-17=0,x-2y+16=0,3x+y—-1=0

Find k so that the following equations are consistent : (ISC)
(@ 2x-y+3=0 (b) 2x+3y+4=0

kx—y+1=0 3X+4y+6=0

5k —y-3=0 Ix+5y—-k=0 (ISC)

[Hint. (a) Solving 1st and 3rd equations by Cramer’srule, weget x =2 andy = 7. For consistency the
third equation must be satisfied by these values).

Obtain the condition of consistency in the form of a determinant for the following three equations :
2X+3y—-8=0; 7x-5y+3=0; 4x—6y+A=0

and hence find the value of A. (ISC)
Find the values of k if the following equations are consistent,
X+y—-3=0;(1+Kx+(2+Ky-8=0;kx—(1+ky+2+k=0 (ISC)
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25.

26.

If the following equations are consistent and have more than one solution, find the values of A :
u+tv=—(Qwv+1);u+2v=—A(v-1)+1;3u+8v=A+2 (I'sC 1990)
Givenx=cy + bz, y=az+ cx, z=bx+ ay, wherex, y, zare not all zero, prove that
a?+b?+c?+2abc=1

[x—cy—bz=0, cx—y+az=0, bx+ay—z=0, X, Y, zare not zero, it has non-zero solution if,

1 -c -b
D=0,ie|c -1 al=0
b a -1
ANSWERS
1. x=-3,y=-7 2. x=-1y=4 3. x=2,y=-3
—oy=_2 hx=_2L -1 i ox=lry==1
4. x—2,y——a,a¢0 5. (i) X= 2,y—5, (i) X 3,y >
1-3k .
6. x=0,y=0 7. x=ky= T,Whereklsanynumber
8. x=k,y=5k-7, wherekisany number 9. x=-2,y=-3,z=-4
10. x=1,y=-1,z=-1 . x=1y=22=3
7 — 5k 5k -3
12. x=2, y=-1,z=1 13. x= T,y=k.Z=T,Wherekisanynumber
14. 3,1,2 15. 19cm, 15cm, 11 cm 16. Inconsistent 17. Consistent
18. Inconsistent 19. Inconsistent 20. Consistent 21. (ii) Consistent
22. (@ k=3, (b)k=-8
2 3 -8 1 5
7 -5 3|= —~ = —-= = —
23. hooh 0, >A=8 24 k=1or > 25. A=1lor 3
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e Oforder mxn,whenm,n < 3,includingcasem=n; Typesof
matrices.

e Operations : Addition / Subtraction (compatibility);
Multiplication by a scalar; Multiplication of two matrices
(compatibility).

Application of matrix:multiplication

e Adjoint andinverseof amatrix

e Use of matrices to solve smultaneous linear equationsin 2
or 3unknowns.




Matrices

3.01. The concept of a matrix

It is often desirable to present a set of numbers (or other elements) in arectangular array of rows
and columns. Thetable of values of trigonometric functionsisan example of such an arrangement; in
it the columns have the headings sine, cosine, tangent, and cotangent, and the rows are designated by
angles, expressed in degrees. It is conventiona to call the vertical lines columns and the horizontal
lines rows.

1. HereisaBowling Anaysisin cricket.

Overs Maidens Runs Wickets
Yogesh 15 7 70 5
John 18 6 55 4
Adam 10 3 21 1
2. Hereisan example of smultaneous linear equations :
2xX-3y =7
1
= 5 =
> X+5y =9
These may be set down as below :
Coefficient of x Coefficient of y Constant term
2 -3 7
1
5 5 9

Tables are a concise-method of presenting a mass of information. When we construct a table
fromacollection of data, we generally arrangethe datain rowsand columns. Weextract theinformation
from the table by reading the entry corresponding to a row and column intersection. Any tableisa
meatrix.

Definition. A Matrix (plural is matrices) is an array of real numbers (or other suitable
entities), arranged in rows and columns.

Entries. Theentitiesare called entries, or elements, of amatrix. In thisbook we shall consider
only real numbers as entries. A matrix is customarily displayed in a pair of brackets or parentheses.
If amatrix appears in an understood context, we may omit the row and column headings. Thus the
matrices of illustration Nos. 1 and 2 above can be represented as

15 7 70 5 2 -3 7 )

18 6 55 4| and |1 5 9 respectively.
10 3 21 1 2

The following are al matrices:

Ch3-3
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3
302 5 0 1 2
5 1 4) ol 2 3
7

3.02. The order of a matrix

The order or dimension of a matrix is the ordered pair having as first component the number of
rows and as second component the number of columns in the matrix. Thus,

1 & 8 8 @
12 3] 151 g |2 B B by
4 5 6] |5 QG & G ¢
d d, d; d,
are 2 x 3 (read “two by three”), 3 x 1 (read “three by one”) and 4 x 4 (read “four by four”) matrices,
respectively. Note that the number of rowsis given first, and then the number of columns.
Generally, amatrix that has mrows and n columnsis called an mx n (read “mby n™) matrix, or
amatrix of order mx n.

A matrix isaso denoted by using double subscripts, where asingle | etter, say a is used to denote
an entry in amatrix and then two subscripts are appended, the first subscript telling in which row the
entry occurs, and the second telling which column. Thus, we write

8; 8, a3 a| )
A =18y 8p ap J
83 83 a3 Elements in
where a,, isthe element in the second row and first column, &g, isthe element in the ith row and

third row and second column. Generalising, a; istheelement in ith row and jth it Gl
column.

The general form of amatrix with mrows and n columnsis

8y 8p &z o e

By By By .. .. By,

A= A3 83 83 ... .. g
><n 'EE} e ew EE ’EE} e
_aml am2 am3 amn_

mxn*

This (mx n) matrix can be denoted compactly as (&)

520
Ex. 1. LetA=|-1 3 7|

6 1 4

Sol. ThenAisa3x 3 matrix. Theelement 7 occursin the second row and third column. \We may
writea,, = 7. Similarly a5, = 6.

Ex. 2. If amatrix has 12 elements, what arethe possible ordersit can have ? What will be
the possible ordersif it has 7 elements ?

Sol. We know that a matrix of order mx n has mn elements. Hence, to find al possible orders
of amatrix having 12 elements, wewill find all ordered pairs the product of whose componentsis 12.

The possible ordered pairs having the property stated above are (1, 12), (12, 1), (2, 6), (6, 2),
(3, 4), (4, 3). Hence possible orders are

1x12,12%x1,2x6,6%x2,3x4 and 4x 3.
Remark. If the matrix has 7 elements, then the possible orderswill be 1 x 7 and 7 x 1.
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. N2
Ex.3.(a) Constructa2x 2matrix A=[a;] whoseelementsaregivenby a; = %
. \2
(b) Constructa2x3matrix A, whoseelementsaregivenby a; = %
ER a12:| o - @+2° _9
Sol. (a) Let A = Putting i=1, j=1, &, = =5
@ 2 ] O ITRITE TR
- _ @+2x2° 25 _ _(2+2x)° _ _(+2x2)° _
Similarly, 4, = T, =g 1= =8 A= =18
9 25
A =12 2
|8 18]
. 2
® Gve,  a, = {20 wheer<i<21<j<3
. % A a13]
Letthereqd. 2 x 3 matrix AbeA= [a21 a, ay
@-2°_1 . _(@-49°_9 _  _@-6° _2

Then’ all = 2 2 ! 2 2 2 ! a13 2 2

_ 2-2° 20,8, = (2—4)2=2,a2 _ (2—26)2 g

a > > 3
Therequired matrix is

1 9 25
&, ap a3 2 2 2
[321 8 323:| [o 2 8]-
Ex.4. Construct a3x 4 matrix whoseelementsarea; =i +].
Sol. Since a; = i+], therefore,
a;; = 1+1=2, a,=1+2=3, a=1+3=4, a,=1+4=5
a, = 2+1=3, a,=2+2=4, a,=2+3=5 a,=2+4=6
ay = 3+1=4, a;,=3+2=5 a;=3+3=6, a,=3+4=7
8 o B3 By 2 3 4 5]
Hence, therequired matrixis | a,; a, @,y ay,|or (3 4 5 6
B Bp 8y ay| [4 56 7]

Ex.5./Constructa2x2matrix A= [aij] whoseelementsaregiven by

(i) a; = %|2i—3j|

o Ji-jifiz]
(i) aij‘{i+jifi<j
; _ _| % a12:|
Sol. (i) Let A = [a]=
(i) (] [aﬂ a,
. 15 a 1 1 1., 1
Given, q; = §|2I—3j |,a11:§|2—3|:§|—1|:§><1:E
a, = 212-30) |=51-41=2x4=2,8, =2 |202)-3|=3x1=
1 1 1
ay = 212(2-32)1=31-21=2x2=1



Ch 3-6 BHSEC Mathematics for Class—XII

1
= 2
Hence, therequired matrixisA= 21 .
=1
2
(i) Here, a, = 1-1=0,a,=1+2=3,a,,=2-1=1,a,=2-2=0
0 3
A=5 o)

3.03. Types of matrices
(i) Rectangular matrix. Any mx n matrix, wherem# n, iscalled a rectangular matrix.

1 -4
For example, [0 2] isarectangular matrix.
6 3

(i) Row matrix. A matrix having only onerow is called a row matrix.
eg.[3 7 1 -2,,, [0 -3 6], ;arerowmatrices.
(iii) Column matrix. A matrix which has only one column is called a column matrix.

31 |-
edg., 2 , 4 , €tc.
3x1

-1
S 4x1

(iv) Squarematrix. A matrix inwhich the number of rowsisequal to the number of columnsis
called a square matrix. Anmx mmatrix istermed asa sguarematrix of order m. A 2x 2 matrix isa
sguare matrix of order 2, a3 x 3 matrix isasquare matrix of order 3.

. 1 3 a b ¢ .
For example, the matrices [ ] a, b, ¢ are sguare matrices.

a by G

The fact that matrices may be interpreted in various ways makes them useful in coordinate
geometry. For example, thepoint 5, — 2 can be denoted by thematrix [5 — 2]. Suchamatrix having only

one row is called a row matrix or a row vector. It may also be denoted by the matrix [_ g]
A matrix of thistype having one columniscalled acolumn matrix or acolumn vector.
The coordinates (1, 2, 3) of apoint in space may be designated as[1 2 3] by arow matrix or as

1
2 | by acolumn matrix.

3 YA

It-is no accident that the same notation is used for a B34
column matrix and a column vector : you have seen in Book

1-in the chapters on vectors that they have the same
properties. (-3,1) A(

C(5,1)
A polygonisdetermined by itsvertices, and each vertex " _— — — > X
isapoint (X, y). We can use matrices to denote polygons. 0 / 4
For example quadrilateral ABCD in Fig. 2.01 has vertices : o | )
-1,-2
=3[ |3||5]|-1 : S 1
[1],[4],[1],[_2]. Putting these column vertices into 14

single2 by 4 matrix. Fig. 3.01
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-3 35 -1
1 41 -2

We haveamatrix representing quad. ABCD. Each columnrefersto onevertex of the quadrilateral.

Similarly, thediagonal DB of ABCD isrepresented by [:% i] . What could [_13 i :%] represent?

Note. If A=[a;] beasquare matrix of order m, then the elementsa; for whichi =j, arecalled the
diagonal elements of A.

Thus, the diagonal elements of A =[g;] areay;, a,,, a3, -+ Ay
Thelinealong which thediagonal elementsof asquarematrix lie, isknown asthemain or leading
diagonal of the matrix.

7 -2 1
e.g., Thematrix [ 3 0 5j| isa3-rowed square matrix inwhich the diagonal el ementsare7, O,
-1 4 8

and 8.
(v) Diagonal matrix. Itisa square matrix all of whose elements except those in the leading
diagonal, are zero.

a, 0 O 2 0 O
Forexample, | 0 a,, O |and (0O 7 O
0 0 ay 00 -
Definition. A squarematrix A =[a;], ., iscalled adiagonal matrix if all the elements, except

those in the leading diagonal are zero, i.e., a; = O for all I #).
A diagonal matrix of order nxnhavingd,, d,, ...c... , d,, asdiagonal elementsmay bedenoted by
diag.[d;, d,, ....... +d].
300
Thus, thematrix [0 4 0 | may bedenoted by diag 3, 4, - 7].
00 -7
(vi) Scalar matrix. A square matrix in which the diagonal elements are all equal, all other
elements being zeros, is called a scalar matrix.

300
eg, |0 3 0
00 3

Definition. A squarematrix A = [a],, ,iscalled a scalar matrix if
_JO, foralli=j
i = 1o, ifi=j, wherea=0
(vii) Unitmatrixor |dentity matrix. Asquarematrixinwhich each diagonal element isunity, all
other elements being zeros, is called a unit matrix or an identity matrix.
Unit matrix of order nisdenoted by I .

100
eg., I, = [é (1)] Igzlo 1 0}

isathird order scalar matrix.

0 01
Definition. A squarematrix A =[a;] , , iscalled an identity or unit matrix if
_ L iti=]
& ‘{o, if i # |

(viii) Sub-matrix. Amatrix obtained by deleting therowsor columnsor both of amatrixiscalled
sub-matrix.
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57 3
7
For example, A= [_i 2] is sub-matrix of matrix le—l 2 O}, obtained by deleting third
4 10

row and third column of matrix B.

(ix) Comparablematrices. Two matrices Aand B aresaid to be comparableif they are of thesame
order, i.e., they have the same number of rows and the same number of columns.

eg., [; (7) _Z’] and [_i (2) 2] are comparable matrices, each being of order 2x 3.
3.04. Equality of matrices

Two matrices A and B are equal if and only if both matrices are of the same order and each
element of oneis equal to the corresponding element of the other,

e, A=[g]n.nand B=[by],, ,aresadtobeequal if a; =b; V1i,j.

2 1] _[412 2-1 2 1 2 3
Thus [3 o] |8 0}, but [3 O:|¢|:1 0:|

Ex. 6. Find thevalues of x, y, zand t which satisfy the matrix equation
[x+3 x+2y] _ [0 —7]

mxn

z-1 4t-6| |3 2t

Sol. By the principle of equality of matrices,
x+3 x+2y| _[0 -7 N _
[z—l a-6| 7|3 2t:| = X+3=0 = x=-3

z-1=3 = z=4, x+2y=-7 = -3+2y=-7
= y=-2,4-6=2t = t=3
00
EX. 7. [8 8 8];& 0 0Of, why?
00

Sol. Because the given matrices are not comparable i.e., they are not of the same order.
Ex. 8. Find thevaluesof x and ysothat thematrices

2x+1 3y = |X+3 Yy +2
0 y?=5y|’ 0 -6

may beequal.
Sol. A =B = 2X+1=x+3, 3y=y’+2, y'-5y=—6
(i) Now,2x+1=x+3 = x=2
(i) 3y=y?+2 = y*-3y+2=0 = (y-2(y-1)=0 = y=1lor2
(i) YV-5y=-6 = VY -5y+6=0= (y-3)(y-2)=0 = y=3o0r2
Since3y:y2+2andy2—5y:—6 must hold simultaneously.
we take the common solution of these two equations, i.e., y = 2.
Hence, A=Bif x=2,y=2.
EXERCISE 3 (a)
1. If amatrix has 8 elements, what are the possible ordersit can have ? What if it has 5 elements ?
2. How many entries are therein (i) a3 x 3 matrix, (ii) a3 x 4 matrix, (iii) an mx n matrix, (iv) a square
matrix of order n ?
&1 82 &3
8y 8yp Ay
831 83 8g3

3. Write out the matrix giventhat a; = 4i - 3j.
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4.

10.

Construct a2 x 2 matrix B = [b;] whose elements are given by
() b, = —2“ (i) S(-3i+1)
Construct a 3 % 4 matrix whose elements are :

() ay=i- @) a=i (i) a="

€) Construct a2 x 3 matrix whose elements are given by

(a;= 21 (i 3= =3
(b) Construct a3 X 2 matrix whose elementsin the |th row and jth column are given by
i +3J i+ 2
() & = (i) ay =20

0O 8 35 6

(i) Statetheorder of A; (ii) Write down the entries of the second row of A ; (iii) Write down the entries
of the third column of A ; (iv) State the entries a,,, a,,, a,,, a,5 of the above matrix; (v) If
a; =4, findi,j.

Find x and y such that

o % Y-23 8 oxa=r1y i |_35] = 73]
i [Zx_+2§ i//:i]:ﬁ _f'],findx,y,z

. X—y 2x+z|_|-1 5| .
@) If [2x—y 3z+w]_|: 0 13], findx,y, z, w.

5 -210 3
IfA=|7 6 4 2 -1{, then

(if) If matrix [a“’ 2]—[6 2],findthevdu&ofaandb.

o

5 ab| |5 8
ANSWERS
1x8,8x1,2x4,4x2. Whenamatrix has5 elements, the possible ordersare 1 x 5and 5 x 1.
1 -2 -5 19 1 1
)9 (i) 12 (i) mn (iv) n” 3 |5 2 - 4.(0) |2 2 (i) 2
9 6 3 0 2 gz
0"-1. -2 -3 12 3 4 (1 12 13 14
@M1 o0 -1 -2 (i) |2 4 6 8 Gii) |12 1 2/3 12
271 0 - 3 6 9 12 |13 32 1 34
2 1 (9 25
{1 Lo |27 5 g 2 12 2
@ () 2 , (i) 2 @ |z 4 (i) | 8 18
g a2 S 4 4 2 25 49
2 2 2 2 9 > o
3 = L2 2
2
(i) 3x5 (ii)7,6,4,2,—-1 (i) 1,4,3 (ivy—-2,4,53 (v)i=2,j=3
(i) x==2,y=0 (i) x=-1,y=3 (i) x=-3,y=3

x=1y=22z=3 10. (i) x=1,y=2z=3,w=4, (i)a=2b=40ra=4,b=2
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OPERATIONS ON MATRICES
3.05. The sum or addition of matrices
Consider thefollowing example:

Rakesh and Anil are close competitorsin the mathematics class. They comparetheir marksat the
end of the second term, the scores for the two terms being as given below :

First term Second term Total
Rakesh  Anil Rakesh Anil Rakesh  Anil
Algebra 95 20 20 92 185 182
Geometry 85 87 88 89 173 176

If we set out thisinformation in matrix form, we can write
95 90 N 90 92| _ [185 182
85 87 88 89| ~ |173 176
This method of combining matrix is called the sum or addition of matrices.

Definition. The sum of two matrices of the same order, A, and B, . iSthe matrix (A + B),,.,.,
in which theentry in theith row and jth columnisg; + by, fori =1,2,3,...mandj=1,23, ...n.
Thus, if A = [ay]mxnand B =[byl ., then
A+B = [au + bij]mxn
In other words, the sum of two matricesisamatrix of the same order, whose entries are the sums
of the corresponding entriesof A .., and B, .

Ex 0 [3 1 2]+[ 10 2] _ [ 3+1 1+0 2+2]=[4 1 4]
T 214 |1-1 30 2+(-1) 1+3 4+0 14 4

Note. Two matrices of the same order are said to be compatible or conformable for addition.

The sum of two matrices of different ordersis not defined.

Ex. 10. Isit possible to definethe matrix A + B, when

(i) Ahas3rowsand B has2rows

(i) A has2columnsand B has4 columns

(iif) Ahas3rowsand B has2 columns

(iv) Both Aand B aresquarematricesof thesameorder ?

Sol. (i) No, because A+ Bisdefined only if A and B are of the same order.

(i) No. Asabove.

(iii) Yes, only when A has 2 columns and B has 3 rows for in that case both will be of the same
order.

(iv) Yes. Always.

3.06::Zero matrix or null matrix
Inthe algebraof rea numbersR, theequationa+ 0= aissatisfied for all ae R. Accordingly we

say that Oistheidentity element for additionin R. Inthe a gebraof matrices, the matricesall of whose
entries are O play a corresponding role. Thus

52+00_ 540 2+0| | 5 2
-2 3| |0 0] T |-2+0 3+0| |-2 3
Such amatrix iscalled azero matrix and isdenoted by O. 1t may be of any order. Anmx nzero

matrix may also be denoted by O, ,,, or if the matrix is square, we might write 0, where n indicates
the order of the matrix. Thus,

00O
00O
o[y 3 Jofi 3
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3.07. The negative of the matrix

The negative of the matrix A, ,, denoted by — A
in the matrix A, , with the additive inverse.

isthe matrix formed by replacing each entry

mxn’

-4 5 4 -5

Thesum B, , + (- A, ) is called the difference of B, , and A, ,, ad is denoted by
Bmxn_Amxn'

Definition. If A= (&), and Xis any matrix of the same order such that A + X = 0, the zero
matrix, then Xis called the additiveinverse of A. Itisclear that X=— A. For example

e[ - -5 mane <[] 25 (325 )]

5 -7 1]'

3 - -3 1
For exampleif Ay, =| 2 2|, then-Ay ,=-2 2

Ex.11. Find theadditiveinverseof A= [3 0 -2

Sol. We know that additive inverse of A isamatrix of same order each of whose e ementsisthe
negative of corresponding element of A.

_[-5 7 -1
A= [—3 0 2]'
3.08. Subtraction of matrices

For the set of real numbers, subtraction was defined as follows :
Vabe Ra-b =a+(=b).
We will define the subtraction of matricesin asimilar way.
Definition. If A and B are matrices of the same order, then the sum B + (— A) is called the
difference or subtraction of B and Aisdenoted by B — A.

| 2.0 |11 -2] . 3
Ex.12. IfL—|:_3 6] and M—[O 4:|,f|ndL M.

[ 20 1 -2 [ 2 0|, [-1 2
Sol. L=M=|_3 6]_[0 4]‘[—3 6]+[ 0 —4]
[ 2-1 0+2] [ 1 2
“|-3+0 6-4| |[-3 2
We can obtain the difference directly by subtracting their corresponding entries. Thus

[ 2-10-2] [ 12
L=M =|_3+0 6—4]_[—3 2]

3.09. Properties of sums of matrices

At this point, we are able to establish the following facts concerning theset S, (Vv m,ne N) of
all mx n matrices with real number entries.
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Theorem: If A, Band C are members of theset S, of all mx n matrices with real number
entries, then

I A+Be S, ., Closure law for addition

I A+B=B+A Commutative law for addition
Il (A+B)+C=A+(B+ C) Associative law for addition
IV The matrix O, ., has the property Additive-identity law

that for every matrix A, ..
A+0=A and 0+A=A
V For every matrix A, ,thematrix — A Additive-inverse law
has the property that
A+(-A)=0 and (-A)+(A)=0
VI If A, B, C arethree matrices of the same order, then
A+B=A+C = B=C Left cancellation law
B+A=C+A = B=C Right cancellation law

Compare the properties listed above with the axioms of additionin R.

3.10. Solving matrix equations

By using the substitution principle and the properties of equality, we can solve certain matrix
equations. Suppose that we have to solve the equation X + A = B for the unknown matrix X. The
answer iseasy. We do exactly what we learnt to do with numbers. Add the matrix — A to both sides.
This gives

X+A+ (A =B+(-A

= X+0 =B-A sinceA+(-A) =0

= X = B=A
which is the reguired solution.

Ex. 13. SolveX+[ 1 3] [4 ‘;] for the 2 x 2 matrix X.

1 2|7]6
13] _[4 -
Sal. X+[ 1 2] = 6 2]
1 3 -1 -3] _[4 - -1 -3
= [X+[—1 2]]*[ 1 -2| T |e 2]*[ 1 —2]
13 C[4+(-D) -1+(-3
= X+[[—1 2]*[ 1 —2} | 6+1 2+(-2
00] [3 -4 [3 -4
4 X+[0 o] 7|7 0] - X‘[? o]
Checking, we find that
3 -4 13 [ 3+1 -4+3] [4 -
7 o|f|-1 2] T |7+D o0+2[7[6 2

Therefore, the solution set is {[? - 4}}
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3.11. Multiplication of a matrix by a scalar
While dealing with matrices, real numbers are often referred to as scalars. We know that
Vxe R x+x=2xandx+Xx+x=2x+x=3x. Similarly, we have repeated addition of the same matrix.

Let A= |p g By definition of the addition of matrices

[a c] [a c] [2a 2
ATA = df[b d]_[Zb Zd]

[a c| [a c| [a c| [2a 2] [a c]|] [3a 3
and  ATATA =1y g +[b d]+[b d]_[Zo 2d]+[b d]_[sb Bd]
The above examples suggest that we may write A+ Aas2Aand A+ A+ Aas3A.

We define the product of areal number or scalar k and a matrix A, denoted by kA, as the matrix
whose entries are the products of k and the corresponding entries of A. Thus

a ¢ _ ka kc
k[b d] = [kb kd] whereke R.
Definition. The product of a real number ¢ and an m x n matrix A with entries g, is the
matrix cA with corresponding entri&caij Jfori=1,2,3 .., mandj=1,23, ..n.

Ex.14. If A= [é 'g] find 3A and — 2A.

1 -3 17231 3x1 3x-3] [3 -9
Sol. A= [o 2]2>3A‘3[0 2]‘[3><0 3><2]‘[0 6]
» ) 1 -3] [=2x1 -2x-3] [-2 6
Similarly, — —2A = _2[0 2]‘[—2><o —2><2]‘[ 0 —4]

Notice that the product of areal number and a matrix is a matrix.

3.12. Properties of products of'matrices and real numbers

Productsof scalars and matriceshave anumber of basic propertieswhich follow from the definition
given above and the properties of real numbers. These basic properties are given in the following
theorem.

Theorem. IfAe S, ,andBe S, ., wherem, n are any given natural numbersand c € R,
de R, then

| A € S, v 1A = A
I e(A+B) = CcA+cB VI (DA = -A
I (c+dA = cA+dA Vi 0A =0
\Y; (cd) A = c(dA) =d(cA) Vil cO =0

Ex. 15. Expressin asingle matrix :

e g

O I PR R
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al
0 0O 25 7 0-2 0-5 0-7
Sal. X+A = 0= X=[0 0 0|-(-3 0 -4(=|0-(-3 0-0 0-(-9)
0 0O 34 5 0-3 0-4 0-5
-2 -5 -7
- 3 0 4.
-3 -4 -5
Ex.17. Find amatrix X such that 3A—2B + X =0, where
_14 2 _|1-2 1
O L
. 4 2 -2 1
Sol. Given, A :[1 3], B:[S 2]
4 2 -2 1
Now, 3A-2B+X =0 & X——3A+ZB——3[1 3]+2[3 2]

-12 -6, [-4 2]_[-12-4 -6+2]_[-16 -4
1d X=|-3 —9|"| 6 4|7|=8+6 -9+4|7| 3 -5

Ex. 18. Solvetheequation
12 3 100

-2[X+[(0 1 2 3X+|0 0 Of,over S;.
001 0 01

Sol. Wefirst perform theindicated multiplication by — 2 in accordance with part IV of the above

theorem to get

(-2 -4 -6] 100

—2X+4+| 0 —=2.—-4| = 3X+|0 0 O

| 0 -0 =2] 0 01

Then we add 2X to both sides of the equation to obtain

(2. -4 -6] 100
0 -2 —-4| = 3X+2X+|0 0 O
0 0 -2 0 01

Now we use part |11 of the above theorem to find that 3X + 2X = 5X, so that

—2 -4 -6 100
0 -2 -4| = 5X+|0 0 0
0 0 -2 001

100
Adding —|0 0 0] to both sides, we get

0 01

-2 -4 -6 100 -3 -4 -6
0 -2 -4]-10 0 0] =5X = |0 -2 -4|=5X
0O 0 -2 0 01 0O 0 -3

Multiplying both sides of this equation by &—13 we get by part 1l of the theorem
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-3 -4 -6 -3 -4 -6
5 5 5 5 5 5
-2 -4 _ -2 -4
% B | T X=XA0 5 5
-3 _3
0 0 — _>
5 0 0 5
Thisisthe required solution.
Ex.19. IfA=diag[3 -2 1JandB=diag[1 3 -2],find2A-3B.
(3 0 O]
Sol. Given A = diag[3-21=|0 -2 0
0 0 1]
(1 0 0]
B = diag[13-2]=|0 3 0
0 0 -2
3 0 0 10 O
2A-3B = 2|0 -2 0|-3/0 3 O
0 0 1 00 -2
(6 0 O 30 0
=({0 -4 0|-]0 9 O
0 0 2| |0 0 -6
[6-3 0 0 30 O
=| 0 -4+9.0 |=|0 5 0|=dig[3 5 -4
|0 0 2-6/ |00 -4
C e cos® snb6 - sin® —cosO
Ex. 20. Simplify: Cose[—sine cose:I"'Sme[cose sn® ]
cosO sin6 : sin® —cos6
Sol. COse[—sine cose]+s'n9[cose sine}
_| cos’6 cosbsin6| | sn’6 —sin6coso
—cosBsn®  cos”6 snbcos®  sin” 6
_ cos’ 6 +sin’ @ cos0sin © —sin 6 cosd :[1 0]
—cos0sin®+sinbcosd cos® 0 +sin” 0 01

@ [2 3+[5 1

(iii) [_2
~1] [-1

_;‘]+[‘_§

12
v |3 1
31

3—2+ 3 2
0 -2 0

]

-2
0
-1

EXERCISE 3 (b)
1. Write each sum or difference as a single matrix.

1
-4
6

(in)

(iv)

(vi)

| sin X

[ 3 2
)+ (3]
[ a b nE -b
|I-b a| [b a
>coszx sin x

2 |t .2
cos” X —CcosX —sn” x

sn’x  cos® x

|
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12 2 -1 4 2
2. (i) Given A=|{3 4|, B={3 —-2|,and C={ 1 0| computethefollowing:
5 6 0 1 -2 -4

@A+B, (b)(A+B)+C, (cA+(B+C), (dA-B, (©A-B+C, (f)B-A.
(ii) Consider the answers to part (b) and (c), what law isillustrated ?
(iii) Consider the parts (d) and (f), what conclusion can be drawn ?

3. Solve the matrix equation X+|:2 1] [1 1] for the 2 x 2 matrix.

6 1] [0 1
001 21 2
4. Solvetheequation X +|0 1 0(=[3 2 3| forthe3x 3 matrix X.
1 00| (4 3 4
2 -3 X X -3 4 .
5. If _ 2= determine x,, X,, y,, and y.,.
[4 0] |:y1 yz] [ 5 —1] w7 Y Y2
12
6. IfA=|-1 8|, construct amatrix X suchthat X + A=0.
4 9
7. IfA= [i é 2:| and Bz[_; 8 g] verify the commutative law of addition.
100 100
8. Istheequation |0 2 3|-|0 2 3 :[i g]—[i g] valid ?
1 4 4| (1 4 4
2 -3x 1 -5 4 4 -1]
9. If [Xl 3 g]+[ 3 _6] =[_2 7 2],f|ndthevalue£0fx. (1SC 2003)

10 4 6 9 — 7 8 -1
(b) 7A- 2B -C.

2 2 2 3 3 3 4 4 4
10. For A=|2 1 -3|,B=|(3.0 5[, C=(5 -1 4|, compute (a) 3A — 6B + 9C,

11
(i) X—A=3B (i) 2X-3A=2B—X

11, If A=} _2] and Bz[ 4 1],solveeachoverS2X2:
() X+2A=B
12. 1f A=| 272 3] and 2A—3B:|:i > ‘g], find B. (NMOC)
3
0

|1
13.I1‘A—2 1 0

%],B:[Z -1 :ﬂ find the matrix C such that A+ B + C isazero matrix.

7 0
25

X 1 y 1] (1 2 _ —

15. If [—l —y]+[3 x] _[2 1] show that x=1andy = 0.

16. If A=diag (1 -4 8),B=diag (-2 3 5), C=diag. (-3 7 10) find
(i)2A+ 3B (i) B+2C-A  (iii)) 3A—-B+4C.

14 Find X and Y if x+Y=[ ]and X—Y=[3 0]. (ISC 2008)

0 3

. S Xy 1 -1 _,|3 5
17. Solvethe matrix equation : 2[2 t]+3[0 2]—3[4 6l

. ) Xy 3 X 6 4 X+Yy
18. Findx,y, zand wiif 3[2 W] —[_1 z\N]+[z+w 3 ]
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2
19. Solvefor xandy. |: 2]+2|:§§]:3|:_;:|

3 -2

3

20. If A= l3 4] and B—[ 1 —5], then find a matrix C:[r
4
3
0
4

2 5
21. Let A= [l 2:|, find amatrix B suchthat A+ B—4l =0.
3 5

p q
s| suchthat A+ B—-C=0.

(NMOC)

u

17.

20.

Xx=3,y=9,2=6,t=6

14

18. x=2,y=4,z=1,w=3

2 =3 =9
2. | -1 4 =2

-3 -4 -

19. x=-7o0r3;y=-3.

]

ANSWERS
. . [5 [0 0
LoG) [7 4 (i) |-1 (i) [0 o
_ 0 2 [0 00 1 1
vy |—n o (v 010 (M) |sink—cosx cos2x
0 00 -
31 (7 3 (73
2.(0) @ [6 2 (b) |7 2 © |7 2
57 3 3 13 3
-1 3 [3 5 [ 1 -3
(d | o6 © |16 | o -6
5 5 13 1 =6 =5
(ii) The associative law for addition (iii) A—-B=—(B-A).
_ (2 1
3 [_(13 8] 4.3 1 3
13 34
-1 -2
1 -8
5 X =5X%=-7y,=-1y,=1 6.
159 % 1 > P
8. No, dthough both members of the equation are equal to zero matrices, the orders are not the same.
24 24 24 4 4 4
9. x=-1,4 10. (@) [33 -6 -3 (b) 3 8 -3
30 18 9 -12 -26 31
[ 045 |7 17 -4 _ 1[2 1 -15
1. (i) [_3 1] (i) [_2 3 (iii) §|:1 2] 12. B——§[5 8 -11
>3 4%-1 [5 0], 20
13, [_3 0 —l] 14, X_[l 4], Y_|:1 1]
16. (i) diag(-4 1 31) (i) diag (-9 21 17) (iii) diag(-7 13 59)
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3.13. Multiplication of matrices

(1) Let usconsider the two matrices
X%
Az = [a b c]and By ,=|y, ¥,
4 7

Suppose that the numbers a, b, ¢ represent the number of bags of wheat flour, rice, and sugar
purchased each week by a shopkeeper, while x,, y;, z, represent the cost per bag of each respectively
the first week, and x,, y,, Z, the costs the second week. How much would the shopkeeper have to pay
for these purchases ?

The total amount payable for the first week is clearly
ax, + by, +cz
while the total cost payable for the second week is
ax, + by, + cz,
Here we have added the products obtained by multiplying the elements of arow in one matrix by
the corresponding elements of a column in the other matrix.
(2) Thenumber of tubesand the number of speakersusedin assembling TV setsof three different
models were specified by the following table :
Model A Model B Model C
Number of tubes 13 18 20
Number of speakers 2 3 4

Thisarray may be called the partsper set matrix. Suppose orderswerereceived in January for 12 sets
of Modd A, 24 setsof Model B and 12 setsof Modd C; andin February for 6 setsof Model A, 12 of models
B, and 9 of Modd C. We can arrange theinformation in the form of the following matrix :

January February
Model A 12 6
Model B 24 12
Model C 12 9

We may cdl this array: as the sets per month matrix. To determine the number of tubes and
speakers required in each of the months for these orders, it is clear that we must use both sets of
information. For instance; to.compute the number of tubes needed in January, we multiply each entry
inthefirst row of the parts per set matrix by the corresponding entry in thefirst column of the sets per
month matrix, and then add the three products. Thus the number of tubes required in January is

13%x12+18x24+20x12=828

To compute the number of speakers needed in January we multiply each entry in the second row
of the parts per set matrix by the corresponding entry in the first column of the sets per month matrix
and then add the products. Thus, the number of speakers for January is

2x12+3x24+4x12=144

Similarly, the number of tubes and speakers for February are respectively.

13x6+18x12+20x9 = 474

and 2x6+3%x12+4x9 = &4
We can arrange the four sumsin an array, which we shall call the parts per month matrix.
January February
Number of tubes 474

Number of speakers 144 A
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We can represent our “operations’ in equation form as under :

[13 18 20] ;i 12 _ [828 474]
2 3 4fll, g 144 84

We have multiplied the parts per set matrix by the set per month matrix to get just what should be
expected, the parts per month matrix.

Note that, in the foregoing equation, 828 equals the sum of the products of the entriesin the first
row of the left-hand factor by the corresponding entries in the first column of the right-hand factor.
Likewise 474 equals the sum of the products of the entriesin the first row of the left-hand factor by
the corresponding entries in second column of the right-hand factor, and so on.

~

124

~

AT -
13 18200 |1 828 P 828 474
1241 12 |= 121 =
2 3 4] 2 3 4 P
d2: 9 12 19
Lz 7 L 2]
12! 6 12446
13 18 20 828 474 13 18 20 Lo 828 474
P . 12 | = P —— 124 121 =
(2 3 4 144 23 4 P 144 84
A method for remembering how to write down the elements in multiplication of one matrix by
another is shown below:
c d h ce+dg cf +dh
B [ 1st row x 1t column  1st row x 2nd column]

(13 1820
24
""""" e b
Let A= [a b]’ B:[S f], thén AB:[ae+bg af+bh:|
2nd row x1st column 2nd row x 2nd column

Thisisa“Multiply row by column” process. We multiply the entriesof arow by the corresponding
entries of a column and then add the products.

a; & a3 b, by
Thus Ay 8p ap| X |by by
8y ap Aply. [Py Pply,

3y by +aphy +aghy  ab, +aphy, +a3by,
= | by + A,y +axhy  ayb, + apby, + ahy,
gDy + Bgolyy + 8ggbyy Ay, + 350y, +aghy, |,

Note. The definition of the product of two matrices, A and B, requiresthat the matrix A hasthe
samenumber of columns, asB hasrows; theresult, AB, then hasthe same number of rowsas Aand
the same number of columns as B.

A x B =C

mx p pxn mxn

Such matrices A and B are said to be confor mable or compatiblefor multiplication. Thefact that
two matrices are conformable in the order AB, however, does not mean that they necessarily are
conformable in the order BA.

Ex.21. Calculate: [1 3 -2]

g o b
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4
Sal. [1 3 —2] 6| = [1x4+3x6+(-2)(5)]=[4+18-10]=[12].
5
1 2 |12 1] .
Ex.22.IfA—[_1 3] and B—[l 1],fmdAB.
o AB = 1 2|12 1|_| Ix2+2x1 1x1+2x1|_| 2+2 1+2|_|4 3
: -1 3|1 1| [-1x2+3x1 -1x1+3x1| |-2+3 -1+3| |1 2

BA

[2 1]|: 1 2]_|:2><1+1>< =D 2><2+1><3]_[2—1 4+ 3]_[1 7]
1 1(|-1 3| |1x1+1x(-]) 1x2+1x3| [1-1 2+3|7|0 5

This example shows that the multiplication of matrices, in genera, is not commutative. Thus,
when discussing products of matrices we must specify the order in which the matrices are to be
considered as factors. For the product AB, we say that A isright-multiplied by B, or.that B is left-
multiplied by A. Thisisalso expressed as* post-multiplication of A by B” or “pre-multiplication
of Bby A”

312 1 -1
Ex.23. IfA= andB=|2 1|, findAB.
10 1 21

Sol. Since Aisa2x 3 matrix, and Bisa3x 2 matrix i.e., A hasthe same number of columns as
B has rows, therefore, they are conformable for multiplication. We have

312 L-1
AB =] 4 7l|2 1
3 1

_[3x1+1x2+2x3 3x(-1) +ax1+2x1| [3+2+6 -3+1+2| (11 O
1x1+0x2+1x3 1x(-D)+0x1+1x1| [1+0+3 -1+0+1| | 4 O}
In much of the matrix work in this book, we shall focus our attention on matrices having the same
number of rows as columns. For brevity, a matrix of order n x n is often called a square matrix of
order n. Although many of theideaswe shall discuss are applicableto matrices of any order, we shall

apply the notions only to square matrices. If Aisasguare matrix, then A%, A3 etc., denote AA, (AA) A,
etc.

Ex. 24. Compute: (i) [_; g}[g _ﬂ (i) [_; g][_?]

(m){_g”_é g] (iv) [é]p 2] W [2 —ﬂ[_é]

Sol. (i) Thefirst factor is a2 x 2 matrix and the second factor is also a 2 x 2 matrix, so that
product is defined and isa 2 x 2 matrix.

1 6|[4 0] _ Ix4+6x2 1x0+6x(-1)|_| 16 -6
-3 5([2 —-1] T |-3x4+5x2 -3x0+5x(-)|"|-2 -5

(if)y Thefirst factor isa2 x 2 matrix and the second factor is a2 x 1 matrix, so that product is
defined and isa 2 x 1 matrix.

16| 2 _ Ix2+6x%(-=7)|_|—40
-3 5(|-7| T |-3x2+5x(-7)| " |-41|"
(iii) The first factor is a2 x 1 matrix and the second is a 2 x 2 matrix. Since the number of

columns in the first matrix is not equal to the number of rows in the second matrix, therefore, the
product is not defined.
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(iv) Thefirstfactorisa2x 1 matrix and thesecondisal x 2 matrix, so the product is defined and
isa2x2matrix. Thus

1 _[1x3 1x2] [3 2
[6][3 2] = [6><3 6><2]_[18 12]
(V) Thefirstfactorisalx 2 matrix and the secondisa2 x 1 matrix, so the product isdefined and
isalx 1 matrix which we frequently write asascalar. Thus

[2 - ][_é] = [2x1+(-1)(-6)] =[8] =8.

3.14. Definitions

(1) The principal diagonal of a square matrix is the ordered set of entries a;, where i = j,
extending from the upper left-hand corner to the lower right-hand corner of the matrix.

For example, the principal diagonal of

13 -
52 3
6 4 0
consistsof 1, 2, and O, in that order.
(2 A diagonal matrix isasguarematrixinwhich all entries, but not in the principal diagonal,
areO.

100
Thus [g g] and [0 1 O
00 1

are diagona matrices.
(3) 1,4, denotes the diagonal matrix having 1's for entries on the principal diagonal.

1000
_11.0 0100
loxa = [0 1:| and |, 4= 0010
0001
The importance of |, , to the operation of multiplication of n x n matrices is apparent in Art.

3.15.

3.15. Identity element-or unity element or unit matrix
Theorem. For eachmatrix A, , wehave A 1 n=lhsn Anxn = Anxn
Further, if for the matrix B, ,, wehaveA . , B A=

for all matrices A, . then B, =1

xXn nxn
nxn nxn®
Accordingly, |, ,istheidentity element for multiplicationinthe set nx n square matrices, and |,

. nisunique. The proof of this theorem, for theillustrative case n = 2, is l&ft as an exercise to the
student.

Note. Sincel,, ,isasquare matrix of order, n, it may be denoted by I. Thus

100
=11 9l 1.2lo 1 o] ec
27101219 0 1

nxn_ann

], show that Al,=1,A,
[

]:[ 5x1+2x0 5><O+2><1]_[ 5 2]

—-3x1+4x0 -3x0+4x1| |-3 4

_|1x54+0x(-3) 1x2+0x4 5 2
T[0x5+1x (-3 0x2+1x4| |-3 4

]=A=> Al, = 1L,A
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3 35
Ex.26. IfA=[2 3 4|, showthat Al;=1;A.
5 2 3
3 3 5(([1 00
Sol. A, = 2 3 4|10 1 O
5 2 3|0 0 1

2+0+0 0+3+0 0+0+4 2 3 4
5+0+0 0+2+0 0+0+3 5 2 3

Similarly, itmay beverifiedthat I ,LA=A = Al;=1;A
3.16. Now we state the last theorem in amore general form as below:
Theorem. If Aisan nxnmatrix, then Al =Aandl A=A,

[3+O+O 0+3+0 O+O+5] [3 3 5]
= = :A

3.17. The scalar matrix and the diagonal matrix

k 00
The matrix [0 k 0] is called a scalar matrix and is obviously obtained by the scalar

0 0 k

0 0 k

The scalar matrix is a specia case of adiagonal matrix.' In adiagonal matrix all the elements
except those on the leading diagonal are zeros.

k 00
multiplication of matrix | by k as ki :[0 k 01-

2 00
[o 3 o] is asimple example of a diagonal matrix.
0 01

3.18. Properties of matrix multiplication

Wehave learnt that in so far asonly addition and subtraction areinvolved, the algebra of matrices
isexactly like the ordinary algebra of numbers. Now we shall show that it is not so for the operation
of multiplication. Therearesomemajor differencesinthetwo agebraswhen multiplicationisinvolved.

1. Theproduct of matrices is not commutative.

(&) Whenever AB exists, BA isnot always defined. For exampleif Abea5 x 4 matrix and B be
a4 x 3 matrix, then AB is defined while BA is not defined.

(b) If AB and BA are both defined, it is not necessary that they should be equal. For exampleif
Abea4 x 3 matrix and B a3 x 4 matrix, then AB is defined and isa 4 x 4 matrix. BA isaso defined
but isa 3 x 3 matrix. AB and BA being of different orders, AB = BA.

(c) Even if AB and BA are both defined and are of the same order, it is not necessary that
AB = BA.

For exampleif A = (1) % and B=[(1) 2],then
AB = [1 2][0 3] [1x0+2x1 1x3+2x4] [2 11
~ |10 3]|1 4 T|0x0+3x1 0x3+3x4| |3 12
Ba = [0 3][1 2]_[0x1+3x0 0x2+3x3]_[0 9
|1 4][0 3] |1x1+4x0 1x2+4x3| |1 14
Thus AB # BA

(d) However, it isnot awaysthat AB is not equal to BA.



Matrices Ch 3-23

1 0 -4 5 8 4
Let A = 0 -1 2|and B=|2 3 2
-1 2 1 1 2 1
[ 1x5+0x2—-4x1 1x8+0x3-4x2 1x4+0x2-4x1
AB = Ox5-1x2+2x1 O0Ox8-1x3+2x2 O0x4-1x2+2x1
[—1X5+2x2+1x1 —1x8+2x3+1x2 —1x4+2x2+1x1
(1. 0 0
=|/0 10
[0 0 1

BA = [2x1+3%x0+2(-1) 2x0+3-D+2x2 2(-4)+3x2+2x%x1
| IX1+2x0+1-1) 1Ix0+2(-D+1x2 1(-4)+2x2+1x1

(1 0 0
=10 1 Of Hence, AB = BA.
[0 0 1

2. Theproduct of two matrices can be zero without either factor being a zero matrix.
Thisfact is borne out by the following example.

[5x1+8x0+4(-1) 5x0+8-1)+4x2 5-4)+8x 2+4x1}

Let A = [8 g] and Bz[g g} wherea, b, ¢, d areall different from zero.
[oalfe d] _[o o]_
Here A # 0,B#0. Also, AB _[O b][o O] _[O 0]—0

1 1 -1 -1 2,1 -1 -1 1
Ex.27.1f A=[2 -3 4|,B=| 6 12 6|, andC=| 2 2 -2], showthatABand
3 -2 3 5 10 -5 -3 -3 3

CA arenull matricesbut BA =0, AC#0.

Sol. Since A, B are square matrices, therefore, AB and BA are both defined.

(1 2.-1][-1 -2 -

AB 2 -3 4] 6 12 6

|3 -2 3] 5 10 5
-1+6-5 —-2+12-10 -1+6-5 00
=|0 O
00

= |-2-184+20 -4-36+40 -2-18+20
| -3-12+15 -6-24+30 -3-12+15

(-1 -2 - 1 1 -1
BA =| 6 12 6|x|2 -3 4

| 5 10 5| |3 -2 3

0
O | =null matrix
0

[ —1+4-3 -1+6+2 1-8-3] [-8 7 -10
= |6+24+18 6-36+12 —6+48+18|=[48 —-42 60
5+20+15 5-30-10 —5+40+15| |40 -35 50

Similarly, you can show that

00O 4 4 -4
CA=|0 0 Of =null matrix,and AC=| -20 —20 20|, whichisnotanull matrix.
00O -16 -16 16
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3. Cancellation law for the multiplication of real numbersis not valid for the multiplication
of matrices.

The breakdown for matrix algebraof the law that xy = yx and of the law that xy = 0 only if either x
or yiszero causes additional differences. For instance, for real numberswe know that if ab = ac, and
a#0,then b =c. Thisproperty iscalled the cancellation law of multiplication. This does not hold
for the multiplication of matrices, that is AB can be equal to AC with the conditions A # 0, and
B # C. Let usconsider the following example:
llzol [12 31 llz 31

1 10fB=|11-1landC=(1 1 -1
-1 40 22 2 11 1

If A

34 1
then AB [2 3 1]=AC and A0, and B=#C.

3 2 -7

Thus, AB = AC does not imply that B = C.

Note. Theinvaidity of the commutative law and the concellation law for the multiplication of
matrices should not lead usto conclude atotal collapse of al the other familiar laws. Except for these
two laws and the fact that, as we shall see later, many matrices do not have multiplicative inverses
(reciprocals), the other basic laws of ordinary algebra generaly remain valid for matrices. The
associative law holds for the multiplication of matrices and there are distributive laws that unite
addition and multiplication.

4. Matrix multiplication is associative if conformability isassured, i.e., A (BC) = (AB) C.

5. Matrix multiplication is distributive with respect to matrix addition, i.e.,

AB+C) = AB+AC.

Note. It can be proved that

() (B+C)A=BA+CA (i) A(B=C)=AB—AC (iii) (B—C)A=BA—CA
Ex. 28. IfA=[i Cl’] B=[f Cl’] and c=[‘§ ﬂ,showthat
() (AB)C=A(BO): (i) A(B+C)=AB+AC; (iii) (B+C)A=BA+CA
o apffef et ]
0 e Sz 95
corc =[5 9)75 375 4
ST EEESE
A(BC) = % ﬂ[‘% g:=:‘§ ;‘ — (AB)C = A(BC)
(i) e+c = |3 9]+ 3|33 %25
ag+0 = 1 9][4 5|-it9 319)-[3 2
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_[2 0] an_[1 O][-1 2]_[-1+0 2+0]_[-1 2
AB =3 1] AC_[l 1][ 3 1}‘[—1+3 2+1}‘[ 2 3}
_[2 o].[-1 2]_[2-1 0+2]_[1 2
AB+AC = |3 1_*[ 2 3}‘[3+2 1+3}‘[5 4]
= AB+C) = AB+AC
2 0].[-1 2] [1 2
(i) B+C =111 +[3 1]:[4 2]
_[1 2][1 o]_[1+2 0+2]_[3 2
B+OA =14 2_[1 1}—[4+2 O+2]_[6 2]
aa < [2 O][1 0]_[2+0 0+0]_[2 O
=1 1){1 1)7[1+1 o0+1]7|2 1
_[-1 21 o]_[-1+2 0+2
CA=1 3 1][1 1]‘[ 3+1 0+1} [ }
_[2 0].[1 2]_[2+1 0+2]_[3 2
BA+CA = |2 1}“[4 1]‘[2+4 1+1}_[6 2}
= (B+C)A = BA+CA.

It may be noted that in the above example A (B + C) = (B+ C) A.
Ex.29. If A, B, Carethreematricessuch that

a h g X
A=[x vy 2], B=[h b f],C=l)’]evaluateABC.
g f c z
(NMOC)
a h g
Sol. pB =[xy Z]{h b f}
g f ¢
= [xa+yh+zg xh+yb+ 27 xg+ yf+ z]
X
ABC = [ax+hy+gz hx+by+ fz gx+ fy+cz][y}
z

[x(ax+ hy + gz) +y (hx+ by + f2) + Z{gx + fy + c2)]
= [+ by® + cZ + 2hxy + 2gzx + 2fyZ]

6. Zeromatrix. Earlier we defined the zero matrix of order mx n and showed that it is the
identity element for matrix addition, i.e,, A + 0= A, where A isany matrix of order mx n. Thiszero
matriX playsthe samerolein the multiplication of matricesasthe number zero doesin the multiplication
of real numbers. For example, we have

[203]88 _[0 0]—0
- -2
114]15 o 00
thus, for any matrix A, ., we have
Oy A = Oy and A =0

mxp “pxn mxn pxn n><q pxq
Some of the above results may be concisely put in the form of a theorem as under :
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Theorem. If S,  istheset of n x n square matricesfor n, afixed positiveinteger ae R; A,

B,Ce S, then

| ABe S, Closure law for multiplication.

Il (AB)C=A(BC) Associative law for multiplication.
I AB+C)=AB+ACand(B+C)A=BA+CA Distributive laws.
vV Al ,=Aandl_, A=A Multiplicative-identity law.

3.19. Positive integral powers of matrices

If Aisany matrix, the product AA is defined only when A is a square matrix. Let us denote this
product AA as AZ.
Now by the Associative Law,
APA = (AA)A = A(AA) = AA% = AAA,
If we denote this product by A% then A’ = A’A = AA% = AAA.
Since the Associative law istrue for any number of matrices, we can denote
(AAA..mtimes) by A™.
Note 1. If I isaunit matrix of any order, then 1 = 12=13=*=".
Note 2. We can aso form polynomiasin A that is for any polynomial
f(x) = ay+ax+ax+.+ax
we define f (A) to be the matrix
f(A) = al +aA+a,A+..+aA
In case f (A) isthe zero matrix, then Aiis said to be zero or root of the polynomial f (x).
Ex. 30. If A :[‘11 _ g] find
(i) A (i) A3, (iii) f (A), wheref (x) = 2x°— 4x + 5; (iv) Show that A isazero of the polynomial

g(x):x2+2x—]_’L
mela 3)a 3|

2 [1 2| 9 -4] [-7 20
B ‘[4 —3][—8 17]‘[60 —67]

(iif) To find f (A), first substitute A for x and 5 | for the constant 5 in the given polynomial

2 —4x+5.
3 _J[-7 30] ,J1 2 10
2o—anes—2| 0 B[t Zes[t
_[-14 0], [-4 -8] [5 0
“ 1120 —134|"|-16 12|7|0 5
14-4+5 60-8+0] [-13  52]
120-16+0 -134+12+5| | 104 —-117|

(iv) Now Aiszeroof g (x) if the matrix g (A) isthe zero matrix. Compute g (A) aswas done for
f (A), that isfirst substitute A for x and 11 | for the constant 11 in g (x) = ° + 2x — 11.

2 [ 9 -4 1 2] ..t o0
g@A) = A +2A—11I—[_8 17]+2[4 _3] 15 1]

& e sl o

Sol. (i) A2

(ii) A®

f(A)
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_ |1 9+2-11 -4+4+0(_|0 O
- |-8+8+0 17-6-11| [0 O

Sinceg (A) =0, therefore Aisazero of the polynomial g (x).

Ex. 31. Showthatif A= [; 2] andB= [_; ﬂ then (A+B)2¢A2+ 2AB + B2,
oo vor = 3 32 42

=13 318 - S
313 - 2 3 s ]
o =2l 1[5 Bho3 40 6.0

. , _[7 21].[10 14] [9 0] [26 35
A+2AB+B ‘[14 42]+[2o 28]+[0 9]‘[34 79]

28 49] [26 35

A2

28 77| |34 79
Note. If weexpand (A+ B)?intheform
(A+B)x(A+B)=A(A+B)+B(A+B)= A%+ AB+BA+B°

We can see why the two expressionsin the foregoi ng example are not equal. (A + B) isequal to
A% + AB + BA + B and, therefore, cannot be equal to A% + 2AB + B? unless AB = BA, which, here, it

Since [ :l therefore, (A + B)2 # A2+ 2AB+ B’

is not. ) )
o= [ 3 4590 4
Ex.32.1f T= [8 S] find T2, T
Sal. T? =T><T=:8 (2)]:8 (2)]:[8 8],thenul|matrix.
= T =0 = T=T?xT=0xT=0

Thus T is amatrix which has the specia property, namely that powers of itself are zero.

Note. -In number algebra the only number whose square is zero is zero itself. Thisis another
difference between matrix algebraand number algebra. Such matrices as T, whose integral power is
zero, are said to be NIL POTENT matrices.

Ex33. IfA:[ i 1:|,showthatA2—5A+7I2:O

2

. 31

Sol. Given A = [_1 2]
, 313 1 [ 9-1 3+2] [ 8 5
= A _AA_[—l 2][—1 2]‘[—3—2 —1+4]‘[—5 3]

o =5 S i
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=705 1)-o 7

, [ 85].[15 -5].[7 0
A=SAHTL, = [—5 3|*| 5 -10|"|0 7
_[8-15+7 5-5+0]_[0 O
=|-5+5+0 3-10+7|7|0 0|

Ex.34. If A= [_i g] and f (x) = x2— 4x + 7, show that f (A) = 0. Usethisresult tofind A%,

Sol. Given,  f(X) =X-4x+7 = f(A)=A—4A+7,

2 3| 2 3| | 2x2+3x-1 2x3+3x2
-1 2f|-1 2| |-1x2+2x-1 —-1x3+2x2

[
o =a 3327 ne=rfgaH(E )

a2 [ 112] [812],[7 O
F(A) —A—4A+7I2—|:_4 1] [_4 8H0 7]

_[ 1-8+7 12—12+o]:[0 0]_0

N

¢ on

-44+4+0 1-8+7 00
Now, f(A) =0 = A =4A+71,=0 = A’=4A-Tl, (1)
A% = APA=(4A—T1,) A= 4N°— T, A= 4N - TA (- LA=A)
= A% = 4(4A-T,) - TA [From (1)]
= A =9A-28, (2
A" = A’A=(9A-281,) A= 9A®— 281, A= 9A°28A [Using (2)]
= A% = 9(4A-T1,) - 28A [Putting A*=4A— 71, from (1)]
= A* = 36A—63l,— 28A=8A—63l,
A® = A'A=(8A-631,)A=8A°— 631,A=8A*— 63A
= 8(4A-71,) - 63A [Putting A” = 4A—71,]

= 32A—561,~ 63A=—31A—56l,
2 3] _o.[1 0]_[-62 -93] [56 O
‘31[—1 2]‘56[0 1]—[ 31 —62]_[0 56]

-62-5 -93-0
31-0 -62-56

-118 -93

‘[ 31 —118]

Hence, A°
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EXERCISE 3 (c)

1 caae: () [3 -1 2] @) [5 2 3 4] _‘i a5 735 3]
6

2 3 4||1 -3 5
i) |3 4 5llo 2 4] [_i‘é ;’]
4 5 6|3 05
2. Find thevalue of x in the following :

X
) [x 7][;‘]4221 (i) [-2 x 4]H=[151
5
3. IfA= B ﬂ,Bz[_i _21:| and C:[_i 21] in each of the problems through (i) to (xii), find a
2 x 2 matrix equa to the given product.
() AB (i) BA (i) AC (iv) CA (v) BC (vi) CB
(vii) A>  (viii) B? (i) (A+B)C (X) C(A+B) (x) (A+B) (xi) (C-A)?
Do you find that AB # BA, AC = CA, BC = CB, (A+ B) C# C(A+B) ?

4 (a) IfA=[(i) _Oi]andB=[? (i)],showthatAB;tBA,wherei2=—l.

(b) If A= [0 O] and B:[l 0], show that/AB 0 but BA = 0.

10 00
2 0 3 1oLt 31 g 2 -1
5 If A= ,B=| 0 -1 1|, C= and D=| 2 2|, state the order of
-1 4 9 1 o 11 7 8 9 _3 _3
1 01
each of the following matrices:
(a) AB (b) DA (c) AD (d cB
() BD () D(AB) (9) (CB) (DA) (h) B(DA).

01 2 1 -2
6. IfA:{% % 2:| andB:[—z1 ﬂ,obtaintheproductABandeprainwhyBAisnotdefined.

2
7. () IfA=[4 -2 5], B:H, find AB and BA.
1
1
(i) ABandBAifA=[12 3 4]and B= g .
4
8. Evauate:
S 2 -1 5
i) [a b]|:§:|+[a b ¢ d]|, i [1 -2 3][ 0 2 4(-[2 -5 7]
d -7 50

) | 2 =3] . 2
9. (i) If A—[_z 4], find — A" + 6A.

(i) If A=[§ ‘21] and B=[_i ;‘] find 3A% — 2B.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

(i) If A=|:_(7) g] find k so that kA2 = 5A— 21 1.

. 3 -2 . 2 _
(i) If A:[4 _2],f|nd k such that A" = kA — L.

12
(iii) IfA:[Z 1],showthatA2—3I:2A. (1SC 2007)

1 2 1 2 13
or not the given statement is true.
(&) (AB)C=A(BC) () AC=0 (0 AC=CA
(d) A(B+C)=(B+C)A ® (-AC=A(-C) (f) B*=(-B)
Q) If A= [g ‘ﬂ B [_1 _‘ﬂ, verify whether
(A+B)(A+ B)=A?+2AB + B2
Explain your result with proper reasoning. (1sC)

If A=|:2 1], B=|:_1 _2], and Cz[z 6], by computing each expression determine whether

(i) If A:[(l) (1)]52[? _(')] wherei® = — 1, verify that (A + B)® = A* + B%

11
where | is the unit matrix, and express the above product in a matrix form. (IsC)

If A=[4 2], find (A— 21) (A— 31

(i) f(x)=x*—5x+7,findf(A) when A= [_? %]
[Hint. Type solved Ex. 30]

2001
(ii) f(x) =3 5x + 6, find f (A) if A:[Z 1 3].

1 -10
(i) Without using the concept of inverse of a matrix, find the matrix
Xy 5 <7|([x y|_|-16 -6
[z u] such that [—2 3][2 ul7l 72 (1SC)
(i) Without using the concept of inverse of amatrix, find the matrix X so that [? ﬂx:ﬁ _%]
where Xisa2 x 2 matrix.
. . X y
[Hint. Let x_[z u]]
-1-10 0o 4 3 R
If A= 3 -3 3|andB=| 1 -3 -3| showthat A'B"=A"
5 -5 5 -1 4 4
If A= [_2 _g],findAz—SA—Ml (1SC)
1 -11 1 2
GivenA=| 3 -2 1|andB=|2 4
-2 10 1 -2

Isit possible to compute AB ? If it is possible to compute AB, then write

(i) the order of the product matrix AB, and

(if) thevalue of each of the elements a,,, a,, and a;; of the matrix AB. (1SC 1990)
[Note. Element ajk meansin the jth row and kth column of the matrix.]

3 -1
Given A= (1 2) ,B= (f),C=(_%),findthematrix X, such AX =3B + 2C. (1SC 1991)
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20. Aisa5xpmatrix. Bisa2x qmatrix. A isconformableto B, for pre-multiplication (i.e., AB can be

worked out). AB works out to be a5 x 4 matrix. Write the values of p and g. (ISC 1992)
21, (i) Verify that Az[f g] stisfies the equation A® — 442 + A= 0,
5 31 5 5
(i) Show that thematrix A=|2 -1 2| satisfiesthe equation A”—7A°—-5A+131=0.
4 1 3
[0 1 0 3 5
(i) FA=|0 0 1| andl istheidentify matrix of order 3, show that A” = pl + gA + rA”.
P qr
[1 0 O 5
22. (i) If A=|0 1 Of, showthat A“=1.
a b -

111
(i) If A=|1 1 1|, show that A® = 3A.
111

23. Solvethe following matrix equation for x :

1 0 2][1
01 x]{o 2 1}H=o.
2 1

o)1

1 1
[Hint. [1+0+2x 0+2+X 2+l+0][1]=0 = [2x+1 2+x 3][1]:0
1 1

= [2x+1+2+x+3]=0= 3x+6=0 = x=-2]

13 2][1
(i) [1 x 1]{2 5 1]H=o

15 3 2||x

. _| cos6 sin® 2_| cos20 sin26
24. (i) If A_[—sine cose]’ show that A ‘[—sinze cosZG]'

- [ cos20 sin20 2_| cos46 sn46
(i) 17 A_[—sin 20 00329]’ show thet. A —[—sin49 cos49]'

t sint
25. Matrix R () isgiven by R (t) = [_cs?ﬁt g?o';t] show that R(9) R(t) = R (s + 1).

26. (a) Give examples of two matrices A and B such that
(i) A0,B#0,ABOand BA=0; (Pb 1994)
(i) A0,B0O,AB=BA=0;
(iii) AB=BA.
(b) A Band Csuchthat AB=AChutB=C,A=0O.
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[uny

12.

15.

20.

26.

ANSWERS
() [4 (i) [26] (i) [‘3 Br é] (iv) Eg _—g :7%} W) [12 —g]
ox=2  @x=-s 30|53 @ |33 @[3

w3t o33 @ |38 w28 w237
o[ 2% o[22 e [B e |57

(@ 2x3 (b) 3x3 (c) 2x2 (d) 4x3 () 3x2

M 3x3 (@ 4x3 (h) 3x3

3 -2
5 —5] , since B has 2 columns and A has 3 rows, i.e., no. of columnsin B are not equal to no. of

;

rowsin A, therefore, BA is not defined.

8 —4 10 12 3 4
0) AB=[13],BA=[2 E g] (i) AB=[30, BA=|5 5 S 5
48 12 16
() [ac+bd+a%+b>+c?+d) (i) [-21 15 <10]
() [% 2] (ii) [3{23[ :i‘ﬂ 10, () k=1 (i) k=1
(&) Yes (b) No (0 No (d) No (&) Yes
() Yes
4 0]_, ,[oo]__ 1-1 -3
No 13. [O 4]— 14.0) [g of)|-1 -1 -10
-5 4 4
@i) [:1,, :‘2‘] (ii) [‘f{ "%‘7"] 17. (i) O 18. Yes
() 3x2 (i) @, =0,8,,= -4, a5 =0 19. X:[_%]
p=2,q=4 23.(1)) x=-2 (i) x=-2 orx=-14
. 1.0 00 ; 11 1 -
(a)(')Az[o 1]"3:[3 o] (i) Az[l 1]"3:[—1 1]
N R Y B N 10 00 00
(i) A_[O 0]’8_[1 0] (&) Az[o 0]’82[1 o]'cz[o 1]

3.20. Application of matrix multiplication

Ex. 35. Atrust fund hasRs30,000that must beinvested in two different typesof bonds. Thefirst
bond pays 5% interest per year, and second bond pays 7% interest per year. Using matrix
multiplication, determinehow to divide Rs 30,000 among thetwo typesof bondsif thetrust fund must
obtain an annual total interest of (a) Rs 1800, (b) 2000, (c) Rs 1600.

Sol.

Let Rsx be invested in first type of bonds and Rs (30000 — x) in second type of bonds.

The value of these bonds can be written in the form of arow matrix A given by

A = [x30000-x] whichisalx 2 matrix.
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And the amounts received as interest per rupee annually from these two types of bonds can be
written in the form of acolumn matrix B given by

5/100

7/100

Theinterest to be annually isasingle number, i.e., amatrix of order 1 x 1 which can be obtained
by the product matrix AB, since the product matrix would bea 1 x 1 matrix

B = ] whichisa2 x 1 matrix.

5
AB = [x 30000- x| 1(7)0
100

_ x5 A I _2x

_ [xloo+(3oooo X)'loo] [2100 100]

(@ Sincethetota annua interest is given to be Rs 1800, therefore,
2x | = _2X _
[2100_ ﬁ] = [1800] = 2100 2 ~1800

= X = 15000 = 30000-x=15000
Hence the investments in the two types of bond are Rs 15,000 each.

2
() Put| 2100~ 2] -[2000]  Ans Rs5000, Rs25000.
2
© Put [2100 - ﬁ] =1600  Ans Rs25000, Rs5000.

Ex. 36. Theamountsof carbohydrates, fats, and proteinsin bread, butter, and cheeseareasin
thefollowingtable:

Carbohydrates Fats Proteins
Bread 0.52 0.02 0.09
Butter 0.00 0.81 0.01
Cheese 0.00 0.25 0.20

Now suppose a cheese sandwich and roll contain thefollowing amountsof bread, butter and
cheese.

Bread Butter Cheese
Sandwich 80 20 50
Roll 50 10 0

Use matrix multiplication to show the dietary values of the sandwich and roll in terms of
carbohydr ates, fats, and proteins.
If now the breakfast matrix of John and Kamla is given asfollows :

Sandwich Roll
John 3 2
Kamla 1 1
Find thedietary composition of John and Kamlain termsof car bohydr ates, fats, and proteins.
(10)
Sol. Thedietary values of the sandwich and roll are given by the following matrix multiplication :
Sandwich 80 20 50 052002 009
Roll 50 10 0 0.00 0.81 0.01
0.00 0.25 0.20

_180x0.52+20x0+50x0 80x0.02+20x0.81+50x0.25 80x0.09+20x0.01+50x0.20
~|50%0.52+10x0+0 50x0.02+10x0.81+0 50x0.094+10x0.01+0
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Carbohydrates Fats Proteins
_|416 16+162+125 72+02+10(_ [416 30.3 17.4
26 1+81 45+0.1 26.0 9.1 4.6

The dietary composition of John and Kamlais given by the following matrix multiplication :

John 3 2|(416 303 174
Kamla 1 1]|260 91 46

3x41.6+2x26.0 3x30.3+2x91 3x17.4+2x4.6
1x41.6+1x260 1x30.3+1x9.1 1x174+1x4.6
Carbohydrates Fats Proteins
1248+52 909+182 522+9.2|_ |176.8 1091 614
416+26.0 303+9.1 174+46| 67.6 394 220

Thus, the breakfast of John consists of 176.8 carbohydrates, 109.1 fats, and 61.4 proteins. The
corresponding amounts for Kamla are 67.6, 39.4, 22.0 respectively.

Ex.37. Thenumber of gadgetsR and Sproduced per day by each of twofactoriesPand Qand the
number of daysper week that each factory oper ates, areshown in thefollowingtable:

FACTORY
P Q
Gadgets R 2 1
per day { S 4 3
No. of daysoperating per week 5 6

Determinetheproduct of thematrices
21 5

and explain what each element of theproduct r epresentsin the context of theabove.

Giventhat : A(g) (gé) ,find thevaluesof x, and x, (1SC)

Sol. Product of Aand N

52 3)(E)=(207 )= )

This means that both the factories P and Q produce in aweek 16 gadgets R and 38 gadgets S

(2 1)(4) _ (17):>(2><1+x2 ):(17)
4 3/ %] ~\39 4% + 3X, 39
2% + X%, =17 4% +2x, =34
4% +3%, =39 = 4% +3x, =39

Subtracting, we get X, =5

Substituting this value of x,, weget 2x, +5=17 = x, =6

Hence X, =6,X,=5.

Ex. 38. TherearetwofamiliesAand B. Thereare4 men, 6 women and 2 childreninfamily A,
with 2men, 2women and 4 childrenin family B. Therecommended daily allowancefor caloriesare:
man : 2400, woman : 1900, child : 1800 and for proteins are : man : 55 gm,
woman : 45gm and child : 33gm.
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Repr esent theaboveinfor mation by matrices. Using matrix multiplication, calculatethetotal
requirement of caloriesand proteinsfor each of thetwo families.

Sol. Let F denote the family matrix and R the recommended daily allowance matrix. Then F
a2 x 3matrix and Ra 3 x 2 matrix can be represented as under :

M W C Calories Proteins
c-aAl4 6 2 R= M| 2400 55
Bl2 2 4 W| 1900 45

C| 1800 33

The total requirement of calories and proteins for each of the two familiesis given by the matrix
multiplication as shown below :

2400 55
FR = [‘2‘ g 2]1900 45
1800 33

4x 2400+ 6x1900x 2x1800 4x55+6x45+2x33| _ A[ 24600 556
2x 2400+ 2x1900+ 4x1800 2x55+2x45+4x33| " B|15800 332

Thus, family A requires 24,600 cal ories and 556 gm protein and family B requires 15,800 calories
and 332 gm proteins.

Ex.39. Farm A and farm B ar eclassified on thebasisof thenumber of oxen, camelsand tractors
which aregivenin thetableasfollows:

Oxen Cameéls Tractors
FarmA: 20 5 4
FarmB: 10 6 6

Now thecost (in thousand Rs) aver ageexpenditur e(in Rs) and aver agedaily return (in Rs) on
each ox, camel and tractor isgivenin thefollowingtable:

Cogt Averagedaily Averagedaily

(inthousandRs)  expenses(in Rs) income(in Rs)
Ox:2.5 20 25
Camd : 3.0 20 30
Tractor : 52.5 80 150
If now thenumber of Farm Aand Farm B in StatesX and Y areasfollows:

FarmA FarmB

State X: 2 4
StateY: 6 1

Find by usingmatrix multiplication thetotal cost expenditur e, and incomeon oxen, camelsand
tractorsin State X and State'.

Comparingthenet incomewith thetotal money invested in cost by each State, find which ateis

gettingacompar atively better advantage. (1SC)
25 20 25
20 5 4 2 4
Sol Let P :( );Q: 30 20 30 andR:( )
10 66 520 80 150 61

RP =Vl 1) 20 5 4 =y | 80 34 32

X (2 4) Oxen Cames Tractors X Oxen Camels Tractors
10 6 6 130 36 30
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Cost Av.daly Av.daly

X Oxen Camels Tractors expenses income
(RP)Q = {| 8 34 32 25 20 25
130 36 30 3.0 20 30
52.5 80 150
Av.daily Av.daly
_ x| Cost expenses income
- Y 1982 4840 7820
2008 5720 8830
Thus
Cost Av. daily Av. daily
(inthousand Rs)  expenses (in Rs) income (in Rs)
State X : 1982 4840 7820
State Y: 2008 5720
Net daily incomes of X and Y are Rs 2980 and Rs 3110 respectively.
Net income 2980 208
f—_— X 100 = — =——=0. 0,
State X T vestment 1082000 120 = 1083 = 210%
Net income 3110 311
i = S %100=—2— =0.154 %
Ste Y Jryestment 2008000 %0 = 2008 = 0124 %

Therefore the State Y is getting a comparatively better advantage.
EXERCISE 3 (d)

1. A man buys 8 dozen mangoes, 10 dozen apples and 4 dozen bananas. Mangoes cost Rs 18 per dozen,
apples Rs 9 per dozen and bananas Rs 6 per dozen. Represent the quantities bought by a row matrix
and the prices by a column matrix and hence obtain the total cost.

2. A storehasin stock 20 dozen shirts, 15 dozen trousers and 25 dozen pairs of socks. If the selling prices
are Rs 50 per shirt, Rs 90 per trousers and Rs 12 per pair of socks, then find the total amount the store
owner will get after selling al the items in the stock.

3. A shopkeeper has 10 dozen Physics books, 8 dozen Chemistry books and 5 dozen Mathematics books.
If their selling prices are Rs 65.70; Rs 43.20 and Rs 76.50 each respectively, find by matrix method the
total amount of the saeif al the books are sold.

4. A manufacturer produces three products A, B, C which he sellsin the market. Annual sale volumes are
indicated as follows :

Markets Products

A B C
I 8,000 10,000 15,000
I 10,000 2,000 20,000

If unit sale prices of A, B and C are Rs 2.25, Rs 1.50 and Rs 1.25 respectively, find the total revenuein
each market with the help of matrices.

5:°A man invests Rs 50,000 into two types of bonds. The first bond pays 5% interest per year and the
second bond pays 6% interest per year. Using matrix multiplication, determine how to divide Rs
50,000 among the two types of bonds so as to obtain an annual total interest of Rs 2780.

6. Inadevelopment plan of acity, a contractor has taken a contract to construct certain houses for which
he needs building materials like stones, sand etc. There are three firms A, B, C that can supply him
these materials. At one time these firms A, B, C supplied him 40, 35 and 25 truck |oads of stones and
10, 5 and 8 truck loads of sand respectively. If the cost of one truck load of stone and sand is Rs 1200
and Rs 500 respectively, then find the total amount paid by the contractor to each of these firms A, B,
C respectively.
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Matrices
A B C Stones Sand
[Hint: P= Stone[40 35 25 Q= [1200 500]

Sand ({10 5 8

The regd. total amount paid to each of the firms is given by [1200 500] [i’g 32 22]

Note that here PQ cannot be calculated.]

ANSWERS
1. Rs 258 2. Rs 31800 3. Rs 16621.20
4. From market |, Rs 51,750, From market 11, Rs 50,500 5. Rs22,000; Rs 28,000

6. Rs 53,000; Rs 44,500; Rs 34,000.

3.21. Transpose matrix

Definition. The matrix obtained from any given matrix A by interchanging itsrows and the
columnsis called the transpose of the given matrix and is denoted by Alor A

Thus (i) if the order of Aismx n, then the order of A"isnx m.
(i) (i —jth) element of A = (j —ith) element of A'.

3 6
[f g],thenA':[é %],andifA:[g 2 ﬂ,thenA’z 2 Z]

3 57 3 -1.4
-1 0 2|,thenA'=|5 0 6.

For example, A

If A

4 6 1 7.2 1
3.22. Properties of transpose matrix

Property 1. If Aisany matrix then (A)’ = A.

Property 2. If Aand B are two matrices of the same order then (A +B) = A’ +B”.

Property 3. If Aismx pmatrix and Bisp x n matrix then (AB)"=B" A”.

Note. (ABCD...2)"=Z"...D".C".B’.A’ ascdar.

Property 4. If Aisamatrix and kisascalar then (kA)” = kA”.

Summary
1. A=A 2. (A+B)=A"+B’
3. (AB) =B’A’ 4. (kA) = kA
Remember the above results.
-2 3 4
Ex.40. For matrixA=| 5 -4 -3],find % (A-A"), whereA’ isthetranspose of matrix A.
7 2 9
-2 3 4 -2 57
Sol. Given,A=| 5 -4 -3| = A=| 3 -4 2
7 2 9 4 -3 9

1 -2 3 4 [-2 57 (o -2 -
S A-A)==4| 5 -4 -3|-| 3 -4 2|'==|2 0 -5].
2 ( )=2 7 2 9 4 -3 9|l 2|3 5 0



Ch 3-38

BHSEC Mathematics for Class—XII

3 4
| 2 4 -1 _ . ,
Ex.4l.IfA—[_l 0 2],8—[—% %],fmd(AB).

Sol. Given

Ex.42.1f A

Sol. AB

- 3 4
24—1]

A = ,B=—12
-1 0 2 [21]

- 3 4
(2 4 -1 [6-4-2 8+8-1]_[0 15
AB =119 2][‘1 21—[—3+0+4 —4+0+2}—[1 —2]

e = |2 3]

1
-~ 5] ,B=[3 1-2], verify that (AB)’ =B’A".
7

! 3 1 -2 .| 8 -15
- |-5|3 1 -2=| -15 -5 10|~ LHS=(AB)'=| 1 -5
>

i 21 7 -14 -2 10
3
A =[1-57, B=| 1
-2
3 3 .45 21
RHS =BA=| 1|l -5 7= L =5 7|  ThusLHS=
-2 =2 .10 -14

2 3 4 4 0 5
Ex.43. 1fA=| 5 7 9|,B=|1 2 Of,verifythat (AB) =B’A".
-2 11 0 31
[ 3
7

2 4 4 0 5
Sol. Given A=1|5 9[,B=|1 2 0], then
-2 11 0 31
[ 8+3+0 0+6+12 10+0+4 11 18 14
AB = |2047+0 0+14+27 25+0+9|=|27 41 34
L—8+1+0 0+2+3 -10+0+1 -7 5 -9
(11 27 -7
(AB)y = [18 41 5
14 34 -9
(4 1 0][2 5 -2
Also BA =0 2 3|37 1
5 0 1]|4 9 1
[ 8+3+0 20+7+0 -8+1+0] [12 27 -7
= |0+6+12 0+14+27 0+2+3|=[(18 41 5
[10+0+4 25+0+9 -10+0+1| |14 34 -9

From (1) and (2) it followsthat (AB)” =B'A'.

EXERCISE 3 (¢)

1 4 2

1. () IfA =2 5 3| findA+A"
3 0

(1SC)
21}
7

-14

RH.S.

(1)

-2

(NMOC)
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-3 6 0 1
(i) FormatrixA=| 4 -5 8 f|nd—(A A).
0 -7 -2

i) Find 5(A+A)and 5 (A-A),whereA=|—-a cl.
(i > (A+A)and 5 (A-A) -a 0c¢

2. IfB= _21 g] andC=[ 3 4] find (BC)".

3. IfA= % 2 2],find(i)AA’, (i) A A

4. 1fA= % _oz],andB:[% 1] find (i) A'B, (i) AB'.

3
5. Verify that (AB) = BA’ if (i) A:[ 1} andB=[1 -5 7];
-2

-1
@iy A= {2} andB=[-2 -1 -4
3
(i) 1f A = [(2) E’]B:[g ﬂ
5 0
(iv) A = [_% g g],B: 0 3}
1 -8
123 -1 1.0
6. f A=|0 1 O|and B=| 0 -1 1|, verifythat(A+B)=A+B.
110 2 .3 4
1 2 3 5 6 -1 —2 1
_—102,=—101,=— .
7. IfA= 1 -3 — 1 2 _1 _2 2 , find each of thefollowing :
(i) 2A- B (i) (BC). Is(BC)'=C'B’?

(i) (A+B+C).Is(A+B+C)=A"+B'+C’?

3
8 If A=[25709 andB= (2) , then provethat (A+ B") = (A" +B)".
4

9. Find x and y if the matrix

12 2
2 2 | may satisfy the condition A" = AA= 1.
X

A=

(/OII—\

1
2

_ 2 3 . 2\ — n2
10. IfA—|:5 _7],thenver|fythat(A) = (A)~

1. |fA:[°°_S°‘ Si”0‘],thenverifythatA'A:|.
—sSino  Coso



Ch 3-40 BHSEC Mathematics for Class—XII

ANSWERS
9 G G JJo 2o
1 () |6 10 2 (i) 5|-2 015 (i) 2(A+A)=01(A-A)=A
SR 0 -15 0
10 -1 12
7 19 N[5 1
- [17 10] 3. () [1 26] (iii) {IZZL _2 Eg}
o [2 3 _[-5 -3 Nz
4. _ - 7.0|-1 0 -7
0 [ 2 4] (if) [ 1 1] (I){ R _4}
i E s 2
i) [—-1 - - =_ =_
(ii) S50 o , yes (i) Lg g gjl,yes 9. X 2,y 1

ADJOINT AND INVERSE OF A MATRIX

3.23. The determinant function (Determinant of a square matrix)

Associated with each square matrix A having real-number entries is a real number called the
determinant of A and denoted by 6A or AAor | A|or det (A). Thusd (delta) isa function or mapping
with domain the set of all square matrices having real number entries and with the range the set of
all real-numbers. We say that & (A, ) isadeterminant of order n.

L et us begin by examining § over theset S, , of 2 x.2 matrices.

Definition. The determinant of the matrix

[212 g] is the number a,b, — a,b,.

We indicate this as follows :

Ja b _ is5:
6'[a2 bz]—>a1b2 ab thatisd: A— 5 (A)

3.24. Determinant notation

The determinant of amatrix iscustomarily displayed inthe sameform asamatrix, but with vertica
barsin lieu of parentheses. £

Thus,
Ch bl] ‘al bl‘_
) = = -
[az b,| = |a, b, |72
Note 1. It may be emphasised that while a

matrix being just an arrangement of numbers has 5 Fig. 3.02
no vaue, its determinant det A or | A | is ot an

b
array of numbers enclosed between two vertical lines. It is a scalar quantity having
definitevalue. For example, if ¢’ +d

A:[a b], then det A=| 2 b‘ has the value ad — b. Fig. 308
c d c d

Note2. Determinant of order one. Thedeterminant of amatrix [a] isthenumber ‘a’ itself. Thus,
det[a] =|a|=4a, or det[-3] = |-3|=-3.
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Caution. Thedeterminant | -3 | should not be confused with the absolute value | -3 | of —3.

Ex.44. 1f A= (g ‘21),find det (A).

Sol. det(A):‘g’ ‘21‘ =3x2-(-1)5=11.

3.25. Determinants of order 3

[ai by q] , a b ¢ ‘
Let|a, b, c,|bea3x3matrix. Thendet(A)=|a, b, ¢, (1)
= &)byC; + a,bsC; — A1C) — 405C, — 8;0,C; — ah,C; -(2)

=3y (bc3 — b)) — by (8,65 — a3C) + ¢ (a3 — aghy)
_ 4B o ‘az c, ‘az b,
ai‘b3 S I P
Ex. 45. Computethedeter minant of thematrix

1 3 -2
A=l4 1 -1
5 83 2
1 3 -2 _ -
o nioaan = |33 20| 3 2REE 4o[2 4
5 3 2

1(2-3)-3(8+5)—2(=12-5)=-1-39+34=-6
3.26. Singular and non-singular matrices
A squarematrix A issaid to be singular if det [A] = 0, otherwiseit issaid to be non-singular.

3.27. The Inverse of a square matrix of order 2

: 1 ,
You have seen that the unit matrix | = [0 8] and the zero matrix O= [8 8] of order 2 havethe

special propertiesthat Al =1A =A and AO = OA = O. Hencethe matrices| and O are analogousto the
number 1 and O respectively inordinary algebra. Furthermore, intheset of al real numbers, we know
that for each non-zero real number a, there exists another real number 1/a or a™* such that
a.(Va)=loraa =a* a=1 Thisnumber, you know, is caled the multiplicative inverse. The
question arises whether every square matrix A also has amultiplicative inverses A Thatis, givena
non-zero matrix A of order 2, does there exist a square matrix B such that AB =1 =BA ?

As will be seen from the following examples, it may or may not exist.

Let A= I:(j)- 8:| thenforanymatrix B= |:2 td):| wehave AB = I:S 8:| #|landBA= I:g 8:|¢ | .

Thus, no such matrix B exists such that AB = BA = | which means in other words that A does not
exist in this case.

Now consider another example. Let A= [_;’ B %] andB = [? g]

AB = [(1) (1)] =| and BA = [(1) cl)] = | since AB = BA = I, therefore, each of the matrices

2 -2
[? 3] and [_ 3 5] is the inverse of the other.
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Definitions.
1.1f Aand B aresquare matricessuch that AB = BA =1, then B iscalled theinverse of A and
written asA™ =B and similarly, A is called theinverse of B written asB1=A.
Thus AATT = AT A=

2. If inverse of Aexists, i.e., if Aisnon-singular, then Aiscalled aninvertiblematrix.

A non-zero square matrix of order n is said to be invertible if there exists a square matrix
B of order nsuchthat AB=BA=1.

For theinverseof amatrix toexist, thefollowing requirementsarenecessary:

() The matrix must be a square matrix. This requirement is essential because in equation
AB=BA=Iif Ais, say, of order 2x 3 and Bisof order 3 x 2, then AB and BA are both defined but
have different orders, namely, 2 x 2 and 3 x 3 and hence cannot be equal.

(2) Theequation AB = BA = | must be satisfied. For instance, the matrices A = [g g] )

B= [i %]AB: [28 12] =BA, but ABisnot equal to I. Thisleads usto thefact that as 0 hasno

inverse in the set of rea numbers, so the zero matrix O aso has no inverse, because OB = O and
not |.

3.28. The uniqueness theorem-an invertible matrix‘has a unique inverse

Proof. Let A bean invertible square matrix of order n. If possible, let B and C be two inverses
of A.

Then AB = BA=I, (by definition of inverse matrix)
AC = CA=I,
Now B = BI,=B(AC)
= (BA)C [Matrix multiplicationisassociative.]
=1C=C
B = C,i.e,any twoinversesof Aareequal matrices.

Hence the inverse of A isunique.

3.29. Method of finding the inverse of a square matrix of order 2
Consider the matrix A= [g g} . Then we haveto see whether thereexistsa2 x 2 matrix B such
that AB=BA=1. Let the matrix B = [)z( \X,] bethe inverse of A. Then, we have,

_ a bl[x y|_ ax+bz ay+bw|_|1 O
AB=1 = [c d][z w]_l = [cx+dz cy+dw]_[0 1]

Thisistrueif and only if (iff)

ax+bz =1, ay+bw =0
cx+dz = 0, cytdw =1 [rule of equality of matrices]
Solving simultaneously, we get
« = d -b . -C a

ad-bc'Y "ad—bc' " ad—bc' "V~ ad—bc
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d -b
ad—bc ad-bc|_ 1 [d —b]
—-C a “ad—bc|-C a
ad —bc ad-bc

Bwill not existif ad—bc=0

Therefore, B =

Conclusion. If A= [2 g] , then the inver se matrix of A denoted by A™ exigts if and only if

e -1 1 d -b
d-bc#0andinth = .
ad —bc#0andinthiscase A ad—bc[—c a]

Procedure.

Step 1. Check whether the inverse exists by finding det A or |A|. The inverse will exist
iff |A] # 0.

Step 2. Interchange the entries on the leading diagonal and change the signs of the entries
on the other diagonal.

Step 3. Dividetheresult of step 2 by | A|.

Ex.46. If A= [% _ﬂ,findA‘l.

1 3
Sal. |A| = ‘

2 _1‘ =-1-6=-7, Since|A|#0, therefore, Ahasaninverse.
al= |-l =31 151 =3 (Y7 37
CJAI-2 1 =7|-2 17|27 -y7

Itisagood ideato check the result when finding A™, because there is much room for blunderi ng
in the process of determining the inverse. “In the above example, we have

o= A E 30 A Y

Ex. 47. Show that [g 1%] is singular, and hencenoinver seexists.
3 5
Sol. Let A= [6 10]. Then
_ |3 5/|_ _ . .
[A] = 6 10 =30-30=0, therefore, noinverseexists.
Ex.48. 1fC= [ﬁ g] ,find C 2. Under what conditionsisC 2 (inver seof C?) defined ? Find
C~?under that condition.
2 X 2_ |2 X||2 Xx|_|4+4x 4x
Sol. C = [4 2]’ c ‘[4 2][4 2]‘[ 16 4x+4]

C 2 existsif the determinant ‘ 4164)( 4)(41 4 ‘ #0

ie if (4+4x)°—64x = 0 or  (x—1)?#0o0r x= 1whichistherequired condition.

1 [4+4x —4x]

c?= ——
16(1—x)2 -16 4+4x
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3.30. Cofactors of a matrix
Consider amatrix

&1 8, 83
A y A3
83 83 g3

The cofactor of any element a; of the matrix is denoted by A; and is equal to
(-1)"" xminor of a; in det A.

A =

; ap a3
Thus, for the matrix 81 %2 %
831 8 83
S A (it B2 8oz |_| 8y 8y
Cofactor of a; =A;=(-1) 83, Qg 83 8g3
S A = ()2 |8 B3 |__ |3 A
Cofactor of a;, = Ap=(D 8y Agg 3 53
A = (L3l B A3 |_ | A &g
Cofactor of ay = Ay = (D Ay By Ay aAxn
A = (L1328 Byg|_ | A3
Cofactor of ag, = Ap= (D ay axn ay 8y

1 2 4
|5 7 8] ¢
Ex.49. IfA L) 10 12],fmdthecofactorsofeIements?and 12.

Sol. The cofactor of the element a,, i.e., 7is

1 4

Ay, = A(=DFF? 9 12‘ =+(12-36)=-20.

The cofactor of the element a; i.e., 12 is

Ay = (_1)3+ 3

L %‘ = (7-10)=-3,

3.31. Adjoint of @ square matrix

&, 8o Q3
B Ay Ay
8 8y ag

be a3 x 3 square matrix, and A; bethe cofactor of a;, the adjoint of A denoted by adj. A isdefined by
(A A ARl (AL An Ay
adi. A=Ay Ay, Agl =1 A2 An Ay
Ay Ay Agp Az A Ay

Note carefully that cofactor sof therow entriesin A arecolumn entriesin adj A.

Let A =

Definition. Theadjoint of a squarematrix isthetranspose of the matrix obtained by replacing
each element of A by its cofactor in | A |.

Note. If Aisof order 3 x 3and kisany number, then adj (kA) = K? (adj A).



Matrices Ch 3-45

2 1
Ex.50. Find theadjoint of thematrix A= [4 _1].

Sol. A = [i _ﬂ First we find all the co-factors.
A, = )M -1y=-1 Missing out entries in the 1st row and 1st column
Ap = CDTI4I=-4, A= (DML E-1 Ap=(-1)7 Y 2)=2
i A = |:A11 A12:|,=|:—1 —4]=[—1 —1]_
Ay Ay -1 2 -4 2
1 -1 2
Ex.51. Findadjoint of AwhereA=| 2 3 5
-2 01
1 -1 2
Sal. A = 2 35
-2 01

We know that adj A isthetranspose of the matrix obtained by replacing the el ements of A by their
corresponding cofactors.

3 5
Ay = cofactor of ay,ie 1=(-1)""1 1‘=3—0=3
5
A,, = cofactorof a,,i.e —1=(-1)""? ) . 1‘:—(2+10):—12
2 3
A,; = cofactorof ajie 2=(-1)'"° _, o|70+6=6
-1 2
A,, = cofactor of @y, i.e 2=(-1)°"" 0 1|~ C10=1
12
A,, = cofactor of a,,i.e. 3=(-1)*"? 5 q|=1+4=5
- T L e -
A,; = cofector of a,,, i.e. 5=(-1) 2 0 =—(0-2)=2
-1
Ag = cofactor of agy,ie. —2=(-1)*"*| 4 5‘ =_5-6=-11

0|1
A,, = cofactor of a,i.e 0=(-1)>"2 , o ="5-C4=-1

|

3+3 1

A, = cofactor of ag,,i.e. 1=(-1) ‘:3+2:5.

T _
_ Au Ap Agl [AL Ay Ay $1-1
adi. A= Ay Ay Apl =|Ap Ay Ay =|-12 5 -1}

Ay Ay Ag Az Ayp Ag 6 2 5
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Ex.52. Find theadjoint of thematrix

1 4 3
A = 4 2 1
3 2 2
Sal. All:cofactorofallinlAFl‘% %‘ZZ;AQ:_‘?; %‘:_5'
4 2 4 3 1 3|_
A13 = ‘3 2‘:21A21:_‘2 2‘:_2 ,A22:‘3 2‘__7
1 4 4 3
Ay = _‘3 2‘_10’A31=‘2 1‘:_2
1 3 1 4
A32 = _‘4 1‘—11,A33:‘4 2‘:—14
an-(R & )57 )
A = 2 2 - il -
Aig AZS A33 2 10 —14

3.32. An important relation between a square matrix and adj A
Theorem. If A beany n-rowed squarematrix, then (adj A) A=A (adj A) =|A| | ,,wherel  isthe
n-rowed unit matrix.

According to this theorem, the product of the matrices Aand adj A iscommutative and isa scalar
matrix every diagonal element of whichis|A|.

Let usprovethisresult when Aisa3 x 3 matrix.

(& b ] A A A
Let A=l b ¢ ajA=1B B, B;
(83 by Gy C, G G
where A, B;, C,, ..... are cofactorsof a,, b, C; ....
(& b af|l[A A A
~A@EA) = |a b ||B B B
[ag b g [[C C G
QA +bB +¢Cp A +bB, +¢C,  aA+bBs+¢Cy
=la,A +b,B +¢c,C;  a,A, +b,B, +¢c,C, a,A; +b,B;+¢,Cq
azA +b3B; +¢c3C;  agA, +bB, +¢3C,  aghAg +byBs 4+ ¢5Cy
|[A] O O 1 00
= |0 |Al 0 |=|A||0 1 O| =|Al:I;[Remark Art. 2.05in Chapter 2]

0 0 |A

001

Sincea,A, + b,B, + ¢,C, = a,(b,c3 - byc)) + by (8,63 - ¢,35) + ¢, (abs — a3h,) =0, etc.
Similarly we can provethat (adj A) A=| A|. 1,

< A@diA) = (adj A)A=|A]l,
Note. (1) Adj1=1, (2) AdjO=0.
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12
Ex.53. IfA:[3 4],thenverifythaIA(adj A)=(adj A)A =|A]l,.

Sol. Wehave A= 12
3 4

Here A, = cofactorofa, (=1)=(-1)"""|4|=4,
A,, = cofactorof a,,(=2) = (-1)**?|3|=-3
A,, = cofactor of a,,i.e. 3= (-1)*"'|2|=-2
A,, = cofactor of &, i.e 4=(-1)>"?|1|=1
- T
) 4 -2
win - | A Au] =[Au AﬂH ]
[ A1 Az Ax Ap| -3 1
aag < [P 2[4 -2|[4-6 -2+2]_[-2
@A =13 4|3 1]7|12-12 —6+4]7| 0
(4 -2][1 2 4-6 8-8 -2
(adj A) A = = -
-3 1 3 4 -3+3 -6+4 0 -2
1 2/[1 0 10 10 -2 0
[All, = : =(4-6). =) =
3 4]0 1 01 01 0 -2
A(adj A) = (adj A)A=|A]l,
cosoe —sina O]
Ex.54. IfA=|sno cosa O], findadj Aandverify that
0 0 1]
A (adj A) = (adj A) A=Al (NMOC)
[coso —sino. 0
Sol. Given A = |sSno —cosa O
0 0 1
cosa —sina 0O : :
. =coso (cosa—0) +sino (sino—0
|A] = |sinoc cosa O 20(( .ocz ) o (sino~0)
0 0 1/=cos" o +sin a=1

Ay =1 (cose—0) =coso; A, = (- 1) 2 (Sna—0)=—sina;

Ay=(-1)"3(0-0)=0

Ay = (1" (sno-0)=sina; A, =(-1)°*?(cosa—0)=cosa;

Ay=(-1?"3(0-0=0

Ay =(=1>"1(0-0)=0;Ap= (-1)°"2(0-0) = 0; A= (- 1)°"* (cos’ o+ sin* o)) = 1

Now

AL Ay Ay coso. sino O

Adi.A = |Ay A, Ay :[—sin o Ccos Ojl
_A31 A32 A33 0 0 1

[coso —sino. O][ cosoe  sno 0

A(Adi.A) = |sna coso Of|—-sina coso O
0 0 1 0 0 1

cos® o +sina+0
= |sinocoso—cosoSin o

0+0+0 0+0+0

cososino—sinocoso. 0+0+0
sn®o+cos®o+0

0+0+0
0+0+1
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100
= [0 1 0|=1,=|All, [ |A]=1]
001

Ex.55. If Aisa3x 3non-singular matrix, then |adj A |= |A|2.
Sol. Weknow that A (adj A) = | A1,

1 00 |A] O 0 |A] O 0
-~ A@A=|All0 1 0|=| 0 |A] 0|=|A@jAI=| 0 |A] O
001 0 0 |A]| 0 0 |A]
= |A@A)| = AP = |AlladAl=|A]° = |adiAl=]|AF (- |1A1%0)

Note. If Aisan x nnon-singular matrix, then|adj A| = |A|H.
Ex.56. If Aisa3x 3singular matrix, provethat A (adj A) = 0.

ail 312 313 ' All A21 A31
Sol. Let A = la, a, a,|. Thenadj A=|A, Ap Ap
85 83 85 As Ay Ag

where Ay Apy, Ag,.... are the cofactors of ay;, ay,, a3, o respectively.
10 0f ([A] 0«0

AadiA) = |All,= |A][0 1 0|=| 0O |A] .0
00 1| |0 0 |A]
00O
=10 0 0|=0, (Abeing asingular matrix, | A|=0)
00O
1 31
Ex.57.1fA=| 2 1 0 |, findthevalueof (adj. A) Awithout finding Adj. A. (NMOC)
3 2 3
13.1 13 1 n o age
Sol. Given A=|210| = |A=]2 1 o:l_f4 0-3(6-0)
3 2 3 3 2 3|7
Weknow that (Adj. A) A=]A|l

100] [-14 o0 o0
- Here(adjA)A=-141=-14|0 1 0|=| 0 -14 0]
001 0 0 -14

3.33. Theorem

If'A and B are two non-singular matrices of the same type, then
adj (AB) = (adj B) (adj A)

Proof. Wehave (AB) (adj AB) = | AB || = (adj AB) (AB) Theorem (Art. 3.32)
Now (AB) (adj B) (adj A) = A (B adj B) (adj A)
A(IBII) (adi A)=|B|A(ad] A= B[|A[I =|A[|B|l =|AB]I
(AB) (adj AB)

AB = AC does not necessarily imply B = C. However,
adj (AB) if A, B, C are square matrices of the same type and if

Aisnon-singular then AB=AC = B=C

= (adiB)(adj A)
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Ex. 58. Find theadjoint of thematrix

1 0 -1
A=|3 4 5]|and verifythetheoremA (adj A)=|A|l;=(adj A) A. (1SC 2006)
0O -6 -7
(1 0 -
Sol. Given A = |3 4 5
|0 -6 -7
1 0 -1
|[Al = |3 4 5| =1(-28+30)-1(-18-0),=20, expandingalong R,
0O -6 -7
A = 4 5—2A1—3 5—2LA—3 4_18
1 -6 -7 7" o -7| 710 -6
A= 0—1_6A2_1—1_7A2_ 1.0]_¢
27 e -7 ""® 7o -7 " ® _lo -6|
A_0—1_4A3_ 1—1_8A33_10_4
s 4 5| ¥ |3 5| TT¥A3 4|
Ail A12 A13 All A21 A31 2 6 4
Ad] A = tranq)o% Of AZl A22 A23 = A12 A22 A32 = 21 —7 —8

An Ay As Az Az Agg -18 6 4
1 0 -1 2 6 4

Now A(adjA) = [3 4 5[[w21 =7 -8
0 -6 -7/|-18 6 4

2+40+18  6+0-6 4+0-4] [20 0 0 100
=| 6+84-90 18-28+30 12-32+20|=| 0 20 0 |=20{0 1 Of=|A|l,.
0-126+126 ~0+42-42 0+48-28| |0 0O 20 001
2 6 4|[1 0 -1
Also @@MA =| 21 -7 -8[[|3 4 5
-18 6 4|l0 -6 -7
2+18+0 0+24-24 -2+30-28] [20 0 © 100
=| 21-21+0 0-28+48 —21-35+56|=|0 20 0|=20{0 1 O|=|A|l,
~18+18+0 0+24-24 18+30-28| |0 0O 20 001

Hence,  A(adjA) = |A[l=(adjA) A

EXERCISE 3 (g)
1. Find the adjoint of the following matrices

-1 -2 3 1 0 2
1 2 2 3
@ A=[3 4], (b)A=[5 l], (C)Azlii B ;] (d)A=l§ ! ﬂ
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2. Findthe adjoint of the matrix A and verify A (adj. A) = (adj A) A=[A| 1.

. 3 4 , 5 -2
(i) A= 5 7 @iy A= {3 _2].
1 -1 1
3. ForthematrixA:lZ 3 0], provethat A (adj A) = O.
18 2 10
1 -2 3
4. Find A(adj A) for thematrix A=| 0 2 —1}.
-4 5 2
12 3
5 IfA=13 1 2],findthevalueofA(Adj.A)withoutfindingAdj A (NMOC)
10 3

[Hint. A(adj A)=|A[1]

-4 -3 -3
6. FA=| 1 0 1|, showthatadj A=A

4 4 3
1 1 1
7. Forthematrix A=|1 2 —=3|, verify thetheorem A (adj A) = (adjA) A= | A|I.
2 -1 3
1 2 11 o .
8. IfA= 2 1 andB= |, 1|, provethat adj AB = (adj B) (adj A).
-1 -2 -2
9. IfA=| 2 1 -2, showthatadj A=3 A"
| 2 -2 1
(1 -2 -2
10. IfA=|2 1 -2/, find anon-zero unit matrix B such that AB = BA.
2 -2 1

[Hint. ;A(adj A) = (adj A) A .. B=adj A. Hencecaculateadj A] [Art. 3.32]
11. Provethat|adj AB|=|adj A||adjB]|
[Hint. By Art 3.34, we know that adj AB = (adj B) (adj A)

= ladj AB| = |adj B |adj Al=adj Al |adj B]].
12. Given that A=[ Cop S'”X] and Aadi. A) = K[l o],findthevalueof K. (ISC 2005)
—SNX COSX 01
[Hint. K = |Al, by Art. 3.32]
ANSWERS
7 -11 -5 1 4 -2
L (a)[_g -ﬂ (b) [_; -g] © o 10 -5 @ [-2-5 a4
14 3 -5 1 -2 1
25 0 0 14 0 0 -3 6 6
4 | 0 25 o0 5. 0 -14 0 10.|-6 5 -2 12.K=1
0 0 25 0 0 -14 -6 -2 5

3.34. Inverse of an n x n matrix

1 .
If Aisan n x n non-singular matrix of order n, then A™ = Al (adj A).

B){ definition of aninverse matrix, weknow that if AB=BA=1,thenBiscaledtheinverseof A, i.e,,
B=A"
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InArt. 3.32wehave seenthat, A(adj A) = (adj A) A=|A|l )

Since Aisnon-singular, | A|#0, therefore,
1 . 1 . -1 1 .

1) > Al—adA| = | —adA|A=] = A "=——(adj A

& (lAl ) (|A| ) (adj A)

1
Note. 1. adj A=|A|AYif Aisnon-singular 2. (adj A) = — A

|Al
0 01
3. adl=I 4. adjO=0 5. Theinverseof [0 1 0] isitself.
100
6. If Aisanon-singular matrix of order 3 and k isany non-zero number, then
_ 1 . 1 2,
kKA = —— (adj kA) = k? (adj A SeenoteArt. 3.31
( oa @Y= g @A ]
= }.iadj A:}A—l_
k |A]| k

3.35. Theorem
The necessary and sufficient condition for a square matrix A to possess inverse is that
| Al #£0,i.e. Aisnon-singular.
Proof. (a) Thecondition isnecessary, i.e., given that A hasinverse, to show that | A|# 0.
Let B betheinverse of A, then AB=BA =1

= |AB| = |BA|=]|I| /= [|A|IB|=|B||A|=1 = |A]|=0.
(b) Thecondition issufficient, i.e., given that | A | # O, to show that A has inverse.
i A
Since|A|;r&0,considerB=adJT|
a8 = AL L Aad A= (A1) =1 - A A=|A
AL} A |Al
A= () a- Laa-L(al)=1 . @imaz|Al
[Al |Al |Al
Thus AB = BA=|
adj A
Theinverseof Aexistsand A" =B = ﬁ

From the above theorem, we conclude that A has inverse if and only if | A|# 0. Then
A_j__ adj A
Al

Ex.59. Find theinver seof thematrix [p a
r

],ifps—rq;to
S

Sol. Let A [p q]. Then|A|:[p q] =ps—rq#0(given). Hence A exists.
r

r s s
Now A = SAR=-1A4=-0,A,=D
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e T
Ay Ay q p -r p
Al = adjA_ 1 { s —q]
[Al  ps—rq[-r p

_ paj_ 1 S —q _
Method I1. By Art. 3.29, theinverseof | = T s—ral-r D » provided ps—rqg=0.

adj A

s| ps—-rq|-
Note. Inthecaseof 2x 2 matrix itiseasier to find inverse by the method of Art. 3.29.

Ex. 60. Find theinver seof thematrix [_32 i] and verify your answer.

-2 5
then|A[=-2%x4-3%x5=-23%0

Sol. Let A= 3 4
Since |A] # O, therefore, Aisnon-singular and A exists.
Now Ay = (D7 H4]=4,A,=(-1)""?|3|=-3
Ay = (77H[5]=-5A,=(-1)""*|-2/=-2
ane [ 2HA S
Az Ap] -3 -2

Al AL |4 =5 -1 4 -5
|A] -23|-3 -2 -23|-3 -2
Verification :

To verify we have to show that
AN = ATA=I,

aat o [ 2 5} _i[ 4 —5] 1{ 8-15 10—10]
3 4 3 -2 23| 12-12 -15-8
a( 0 - o 1]
-23| -23l0 1] 7
8-15 20-20
[3 —2}[ } [ 6-6 —15—8}
- B e R A A
- 23| 0 -23] -23l0 1] |0 1] ?

Ex-6L Finda2x2matristuchthatBH —ﬁ]:[ﬁ 0],

AA

Hence, verified.

0 6
-1
6 0|1 -2
l. B =
= e
Let A = E _ﬂ We haveto find A™.
Ad.A 1[4 2
A11:4, A12:—1, A2122,A22 :1|A|—4+2 6,A —|T=g|:_l 1]

S R L R R B
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1 -1 2
EX. 62. Findtheinverseofthematrixlo 2 —3].Verifyy0ur answer.
3 -2 4
1 -1 2 1 -1 2
Sol. Let A=|0 2 - = |A|=|0 2 -3|=1(8-6)+1(0+9)+2(0-6)
3 -2 4 3 -2 4

=2+9-12=-1+#0

Aisinvertibleand A™ = %A' Now wefind adj. A.
Aw = (D2 3 T3l=6-9=2 Ay = (7|3 | =-0+9=9
A = (-))° g —%‘ =(0-6)=-6, Ay = -2)° :% 421 =-(-4+4)=0
Ao = (]33 =@-9=2 A= (0F|] H =2+
Ay = (D' _g‘ =@-8=-1 Ay = (D°|} 2l=(3-0=3
A = ([ G =er0=2

adj. A

2 9 6 [ 2 0 -
0 2 -1|=|-9 2 3
1 3 2| |-6 -1 2

: 2 0 - -2 0 1
At =AY 5 5 32| 9 2 -3,
AL -1l -1 2 6 1 -2
Verification :
To verify we haveto show that  AA " =AA=1.

(1 -1 2][-2 0 1
AAT =0 2 -3|| 9 2 -3
3 2 4|l 6 1 -2

[ —2-9+12 0-2+2 1+3-4 100
=|/0 10
00

)
-

Thereareanumber of useful properties associated with matricesand their inverses. For example,
we have thefollowing:

= 0+18-18 0+4-3 0-6+6
| -6-18+24 0-4+4 3+6-8

. [20 111 2
A'A=|9 2 3llo 2 -3
| 6 1 2||3 2 4

[-2+0+3 2+0-2 -4+0+4 1
=| 9+40-9 -9+4+6 18-6-12|= 1|0
| 6+0-6 —6+2+4 12-3-8 0

O r O

Hence, verified.

3.36. Properties of matrices and inverses
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Theorem 1. If A, B betwo n-rowed non-singular matrices, then AB isalso non-singular and
(AB)™ =B" A™ (Reversal law for the inverse of a product)

i.e., theinverse of a product isthe product of the inversestaken in the reverse order.

_ 2 0 _ 01 . 1_ -1 -1
Ex.63.IfA—[3 1] andB—[2 4],ver|fythat(AB) =B A"
_ |2 0|0 1] |0 2 |0 2 3
Sal. AB = [3 1][2 4]_[2 7] | AB|= ‘ ‘ 0x7-2%x2=-4%0
} . . AB
Since| AB | # 0, therefore, (AB ! existsandis= a?JA(\B|)

The cofactors of first row in | AB |are (-1)* * | 7| and (-1)**2, | 2]i.e, 7and - 2.
The cofactors of second row are (— 1)*** |2 and (- 1)**2|0|, i.e,— 2and 0.

, 71
. 7 o=2 [ 7 -2] . a1 7 -2]. |77 2
2
2 0 2 0
Again, A = |:3 1] |A|:‘3 1‘:2¢0 X A_leXiS[S.
Co-factorsof firstrowin|A|are(-1)***|1|=1and
(-1)**?|3]=-3. Co-factorsof second row are (- 1)***|0|=0and (- 1)**?|2|=2
N R 10 o1 adj. A 1[10]
adj. A = - »AT=22 0
: [o 2] [—3 2] A 2|-3 2
_[o 1], &[0 1] o
B = [2 4]..|B|—‘2 4‘— 20 . B exidts
Co-factorsof firstrowin|B|are(- 1)***|4|=4and (- 1) *?|2|=-
Co-factorsof second row are (- 1)***|1]=—1and (- 1)**? |0|=0
o _ 4 =2 . -1_ adjB 1[ 4 —1:|
.B = B =222 =
SR B It e
71
IV D | 1 1| 7 =2 | 4 2
e P [T A N I
2
From (1) and (2) it followsthat (AB) *=B A ™.
50 4 123
Ex.64. IfA=[2 3 2|andB™"=|1 4 3|find(AB)™. (NMOC)
121 13 4
Sol. Wewill find (AB) ™ by using therelation (AB) * = B*A™. Sofirstwefind A™.
50 4
Al = |2 3 2|=5(3-4)-0(2-2)+4(4-3)=-5+4=-120
121
A exigts.
Ay :(-1)2*1(3—4):—1; A12:(—1)z+z(2—2):0; A13:(—1)z+2(4—3):1
Ay = (1" (0-8)=8; Ay, = (F1)?T2(5-4=1; Ay =(-1)*"°(10-0=-10

Ay = (1% 0-129=-12; A, = (-1)*"?(10-8)=-2; Ay = (-1)*"3(15-0)=15
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A, Ayl [-1 8 -12

AdJA = A22 A32 = O 1 —2

Ay Ay 1 -10 -15
Ad 1 8 -12 1 -8 12
A‘lzT—101—2=0—1 2
Al =11 9 10 15| |-1 10 -15

12 31 -8 12

@Bt =pglat=(1 4 3|0 -1 2

1 3 4| -1 10 -15

1+0-3 -8-4+30 12+8-45|=|-2 18 -25|-

1+0-3 -8-2+30 12+4-45 -2 20 -29
1+0-4 -8-3+40 12+6-60 -3 29 -42

Theorem2. (A) ™ =(AY.

3 -10 -1
Ex.65. 1f A=|-2 8 2 |,verifythat (A")?1=(AY.
2 -4 =2

3 -10 -1 3, dp o3
Sol. A=|-2 8 2 |=|ay ayp ag| (s)
2 -4 -2 Ay Qa3 a3

3 -10 -1 |2 -10 -1

Then, |A| = |2 8 2|=|0 8 2|, operating C, + C,
2 -4 -2| |0 -4 -2
8 2 .
:2‘ 4 2‘:2(—16+8):—16¢0.'.A‘leX|sts.
Ay Ay By
adi. A= |Az An Ap
Az A A
A= 8 2_8AZ -10 —1_16A3_—10—1_12
174 _o|” 1= _a4 _2|” » 81 = 8 2|°
N2 0 3 -1 . 3 -1__,
Ao 5 _o A= _5 H7"%M="_, ,
A&_—z 8 8 A= 3—10_8%_ 3 -10|
3 2 _4 3= o _ga|T 79T, gl™
-8 -16 -12 -8 -16 -12 2 4 3
o a_adiA_ 1 1
adjA=| 0 -4 —4landA? - =] 0 -4 -4|==|0 1 1
| Al 16 4
-8 -8 4 -8 -8 4 2 2 -
L 20 2
(A‘l)’=z 41 2 (1)
31 -1
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3 -2 2| by by, by
Now, A’=(-10 8 —4|=|by by byl (sy)
-1 2 -2] [by by by
8 -4 -10 -4 -10 8
|A"|=3 -(-2 +2
2 -2 -1 -2 -1 2

=3(-16+8)+2(20-4) +2(—20+8) =—24+32-24=-16#0
Hence, (A') exists.

Bu By By -8 0 -8]
adj A= |Bo By Byg|=| 16 -4 -8/ [Find the values of B, B,,,.....€tc., yourself]
Bis By Byl |-12 -4 4
i A 1 -8 0—8ﬁ120 2
mt=B2__ 1 16 4 —gl==|a 1 2 (2
|A| 16 4
=12 -4 4] 31 -1
(D) and (2) = (A)* = (A"
Ex. 66. Show that
1 —tan® 1 tan 0" [cos20 —-sin20
X =
tan 0 1 —tan® 1 sin 20 - cos 29
_ 1 —tan 0 _ 1 tan 6
Sol. Let A= [tane 1 ] B‘[— tno 1 ]
|B] = 1x1—(—tan6)xtan®=1+tan’0=sec’0
By, = 1, B,=tan®, B, =—tanh, B, =1
o~ |Bu By | 1 —tan®
B = [Blz B,| |tn6 1
a1 _ adiB 1 1 —tand 1 :
B = 18] _—secze[tane 1 ] [By Art. 3.29, B can be found more easily]
1 1 —-tan® 1 1 —tan®
AxB™ 3 [tane 1 ]XSQCZG[tanG 1 }
cos” —sin’0 2sine
—tan? _ T 2a T “e0s0
- cos2H 1-tan"0 2ta129 — 05260 cos~ 0 , cos.,e2
2tan® 1-tan”0O 2sine cos"0—-sin“o
cos cos’ 6
_ cos’0—sin’0 —2sinH cosh :[cosze —sin29]
2sin@cos® cos’H—sin’e| SN0 cos20 |
. _ 1 tan x , -1_|C0S2X —sin2x
Alternativeform. If A= [_ tan x ],showthatA A= [sin on cost]'
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Ex.67. Showthat A= [ ? _2]sat|sf|e$theequatlonx —-3x—7=0. Thenfind A™

Sol. We have to prove that A2_3A-71=0
5 3|5 3[4 5 3/_,10
-1 -2||-1 -2 -1 -2 01
_ |22 9| |15 9| |7 0]|_|22-15-7 9-9-0|_|0 O -0
~ (-3 1/ |-3 -6/ |0 7| | -3+3-0 1+6-7| |0 Of
Hence proved.

Now, dividing both sides of A>— 3A— 71 =0 by A, we have
A-3AA-7AT=0 = A-3=7A"

5 3] J10] _ 4 R P
=>|:_1 _2]—3[0 1]—7A = 7A —|:_1 o7 lo 3 Sl =AA =>A_A

= 7A_1:[2 3]=>A‘1:1[2 3]

A% _3A-7I

1 -5 71-1 -5

2 0 -1
Ex. 68. IfA:lg 1 g],provethatA_1:A2—6A+1ll.
1

2 0 -1
Sol. |A|=[5 1 0|=2(3-0-0(15-0)—1(5-0)=6=5=1%0

01 3

Alexigts.
_ 1+1 — . _ 1+2 _ . _ 1+3 —
A, = (—1)2 1(3—0)_3, A, = (—1)2 2(15—0)_—15, A = (—1)2 3(5—0)_5
+ + +

Ay =(EDT0+D)=-1 Ay = (DT (6-0)=6; Ay = ()77 (2-0=-2

Ay = ()*THO+1)=1;  A,= (1)*?(0+5)=-5 Ay = (1) 2-0)=2

AdiA [ % ﬁ:l”“é é]
].A = 2 7) -
Ay Ag 5 -2 2
[ 3 -1 1 3 -1 1
at = AdA_L 5 s 5|15 6 -5 (i)
Al 1] 5 2 2 5 -2 2
2 0 -1][2 0 - 2 0 - 100
Now, = A°26A+111 =|5 1 O0f|5 1 0|-6/5 1 0|+11|]0 1 ©
01 3Jlo 1 3 01 3 001

= [10+5+0 0+1+0 -5+0+0 306 0 0 11 O
| 0+5+0 0+1+3 0+0+9 0O 6 18 0 0 11

[4-12+11 -1+0+40 -5+6+0 3 -1 1
=115-30+0 1-6+11 -5-0+0|=|-15 6 -5 (i)

[ 4+0+0 0+0-1 —2+O—3} [12 0 —6:| [11 0 O}
- +

| 5-0+0 4-6+0 9-18+11 5 2 2
I)and(ll) = = — + .
i) and (i) = Al=A%2—6A+11l
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Ex. 79. For thematrix A = [% _%] show that A>—4A + 5| =0. Henceobtain A,

2 [1 -1][1 -1 1 -1 10
s weanes = [1 43 2ofd Leefd g

_[1-2 -1-38]_[4 -4],.[5 o]_[-1 —4]_[4 —4],[5 O
= |2+6 —2+9]7|8 12|T|o 5|7 8 7|7[8 1270 5
_ [-1-4+5 —4+4+0]_[0 O -0
= | 8-8+0 7-12+5|7|0 0]~
Now, premultiplying both sides of AZ_4A+ 5| by A, weobtain

AN ANTA+BAT =0 = (AAA-41+5AT=0 [ A'AslandAl=ATY
= IA-41+5A" =0 = A-41+5A'=0 = 5A =4I-A

o b oo iz )
0 “A-3
COS X —sinXx %)[g ﬂ

e “1_co
Ex.70.|ff(x)—l5|rc1)x cosX 1],showthat[f(x)] = (=X).

—l

=4
= 5A™ =[

At =

[cosx —sinx 0
Sol. f(x) =|snx cosx O
|0 01
[cos (—x) “=sin(-x) 0O cosx sinx 0
= f(—x) =|sin(=x) cos(-x) Of=|-sinx cosx O (i)
.0 0 1 0 0 1
cosx —-sinx O
Letf(X) =A. Then |A[ =+sinx cosx O
0 0 1

cosx (cosX— 0) + sinx (sin X — 0) = cos + sin’ = 1.
[f ()] exists.

Ay = (-1)'"*(cosx—0) = cosx, A, = (-1)*"?(sinx—0) =sinx

A = EDM(0-0)=0, A, = (-1)**'(~sinx—0)=sinx

A, (= (=1)**? (cosx—0) = cosx, Ay = (-1)**%(0-0)=0

Ay =(=1)*"1(0-0)=0, Ay, = (()°72(0-0)=0

Ags = (1)°*3 (cos’x +sinx) =1

An Ay Ay cosx sinx O
Ad.A = [A, A, A =[-sinx cosx O
As Ay A 0 0 1
ot = Atz Ad-AL Sanx Goox 0 (i)
| A 0 0 1

(i) and (ii) = [f O] L =f (~x).
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: 3 1 . -
Ex. 71 For thematrix A= [7 5] find xand y sothat A%+ xl =yA. Henceobtain A™.

2 _ 3 1|13 1 1 0/_,/3 1
Sol. A+xl =yA = [7 5}[7 5}+x[0 1}_y[7 5]

- [9+7 3+5]+[x O] :[3y y] - [16+x 8 ]z[gy y:l
21+35 7+25 0 x 7y 5y 56 32+X 7y 5y
16+x=3y=3(8) = x =24-16=8
Putting x =8 and y = 8 in equation A>+ X = yA, we get A>— 8A+ 8 =0 0
Now, you can obtain A™* by pre-muiltiplying by A™ of both sides of (i).
Premultiplying by A™* on both sides of (i),
A'a?_ga'A+8A =0

= (A'AA-8+8AT =0 [- AfA=land A1 =AY
= IA-81+8A" =0 = A-8+8A'=0 (- 1A=A)
g _J1 0] 31
= 8A —8I—A—8[0 1 7 5
_[8 0] [31]_[ 5 -
~lo 8| |7 5| |-7 3
4 _1[ 5 -
- AS 8|:—7 3]'

EXERCISE 3.(h)
1. Show that Aisasingular matrix if

1 1 3
o a=[3 § (i) A= {2 2 s}
2 -3 1
2. Findxif

Lx 0 1y . N 8 -6 2 .
(i) |2 -1 4| isasingularmatrix.  (NMOC) (i) |-6 7 —4| isasingular matrix.
1 20 2 -4 X

3. For each of the following matrices, determine whether the inverse exists. If it exists, find it.

11 . [3 5 ... |3 5

o |5 1) w |3 3] a [ 3]

[ 8 =2 3 -2 L3 1

(iv) |9 6] (v) -9 6] (vi) [4 2] (ISC 2002)
4. Find the adjoint and inverse of the following matrices.

o[ . [-6 5

0|5 ﬂ -7 6]

... [cos® —sin®

i) | 380 oy | (NMOC)

) 2 3 . AT
5. Find the sum of [5 7] and its multiplicative inverse. (ISC)

3 2 4 1 4 1
6. FindamatrifoorWhichX[l _1] =[2 3].Alsofindtheinverseof [2 3]. (1SC)
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7.

10.

12.

13.

14.

15.

16.

17:

18.

19.

Find the inverse of the following matrices and verify your result.
NES @ | g
(i) Finda2 x 2 matrix M such that [‘12 _5] M = [g g]

4

(i) Finda2><2matristuchthatN[_5 _8]=[38 33].

_|12 3 a1
IfA= [5 _2],showthatA _EA' (I1sC)
(a) Find the inverse of each of the following matrices and verify your result.
12 0 - 1221
|51 0 (i) (1.0 21 (1SC)
01 3 212
1 2 =2
(b) Verify that AA = AA=1ifA=|-1 3 0.
0 -2 1
30 2
(¢ fA=]| 1 5 9| andAB=BA=I,findB.
-6 4 7
Verify that (AB) ™ = B™A™ for the matrices A and B where
A l2 1 _|4 5 i -3 2 |4 6
0 A—[S 3] andB_[3 4] (ii) A—[7 s]andB-[S 2]
38|, . . a1 4 . . .
Let Abethematrix | o 1|, find A~ and verify that A —1—3A—1—3I where | is2 x 2 unit matrix.
Given A= _‘21 _:73],computeA’l and show that 2A7 = 91 — A. (ISC)
. (2 4 -1 - I 4
() IfA= -1 0 2],andB: —21 21 , find (AB) . (NMOC)
- (5 0 4 L (3 3 5
(i) fA=]2 3 2|,andB =1 4 3|,find(AB) . (ISC)
112 1 13 4

. q[00-10 2 1 -1 2 )
iy fA*= L]0 =5 -4|,andB=|0 2 -3|,find(BA)™
0 0 2 3 2 4

If A= [‘21 3| verify that (acj. A" = adf. (A7),

If A= [‘21 :%] , show that A2+ 3A+ 41 = 0. Hencefind A™.

If A~ A+1=0 thenshowthat A'=1-A

[Hint. Given A2 A+1=0

Premultiplying by A™ on both sides

AR _ATA+ATI=0 = (ATAA-T+AT=0 [~ A'A=land At I =AY
= IA-1+A'=0 = A-I+A"=0 = A'=I1-A] [~ IA=A]
For the matrix A = [% _21] , show that A — 4A + 71 = 0. Hencefind A ™.

1 0 -2
Show that A = {—2 -1 2} satisfies the equation A*— A — 3A— I, = 0. Hence, find A
3 4 1
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1 2 2
20. LetA=|2 1 2|, provethat A>—4A—-5| =0. Hence obtain A,
2 2 1
N 011
21. FindA~-ifA=|1 0 1| . Also, show that A%
110
1 -2 3
22 ItA=| 0 -1 4 find (AY ™~
-2 2
23. Show that A= [‘g 2] stisfies the equation s + 4x — 42 = 0. Hencefind A (1S0)

[Hint. See solved Ex. 67]

24. If A= ‘21 g’],findxandysuchthamAz—xA+yl:
1 -11 ) ) .
25. IfA=]2 -1 0|, find A" and show that A= A™".
1 00
112 1 2 o L1
26. IfA={1 9 3|andB=|2 3 —1|,veifythat(AB) =B A .
14 2 1 -1 3
ANSWERS
2. (i) ng (i) x=3
~[1 -1 3 5 =5
3. (i) |:0 1] (i) [2 ] (iir) [_4 3]
(iv) Singular. Theinverse does not exist. (v) Theinverse does not exist
! _% 1 3 6 5
(vi) L3 4 (|)[ 5] (if) [_7 6]
2
iy | cos®  sin6 -5 6
(i [—sine cose] > [10 5]
3 _1
1 1] [41]_10 10 N 1[1 -5
6. x= [1 _1], Inverseof (o 3| = 1 2 7. (')E[S 2]
5 5
4 . -7 - .. [-8 -4
(i) [? 2] 8. (i) [_12 _] (i) [_5 _7]
@05 & 5| |2 23 © Ll ® =
10. (@ () |-15 6 -5 ii 2 2 -3 © =
5 2 2 1 2 -2 65| 34 12 15
2 19 _27 1]-98 -18 36
N 1[-2 -15 _ iy = 21 6 —7
14. () _E[—l 0] (i) [g 18 _‘212} i) 0| & S -
-9 -8 -2
1[2 - 12 1 -1_
16. _2[2 1] 18. 7[ 5 2] 19. A _{_g 7 _2]
-3/5 2/5 2/5 1 -1 1 -9 -8 -2
20, | 2/5 -3/5 2/5 21 Al==| 1 1 2 | 8 7 2
2/5 2/5 -3/5 21 1 5 4 -




Ch 3-62 BHSEC Mathematics for Class—XII

1[-4 5 , [0 01
23. —[ ] 24. x=9,y=14 25, A2=|0 -1 2
42( 2 8 1 -1 1

HINTS

S P I P B et s PO

2] = M=5(A1)

AM =5, where A=
= 51, where [15 _7

= M=5A" (AN =AY
10. () AB=BA=| = B=A™
16. A1 (A2+3A+41)=A"(0) = (ATA)A+3ATA+4AT=0

L IA+3144A1=0 o At= 1 (a3l
4

19. 1;=A°-A-3A = A=A -A-3l,

3.37. Application of matrices to the solution of linear equations (Martin’s rule)
Consider the two simultaneous equations in two variables x and y
ax+hby =c¢c, axtby=¢,
These can be written in matrix form as

2 2] = [&De e

where Aisa2 x 2 matrix, and X and B are 2 x 1 column matrices.
Similarly the three simultaneous equations
ax+by+cz =d;, ax+by+cz=d, ax+by+cz=d,
can bewritten inthe matrix form as

[ai by q] H [dl}
a b G||Yl =|d| = Ax=8B
a; by cJlz dy
where Aisa3x 3matrix, and X and B are (3 x 1) column matrices.
If.now Aisnon-singular, i.e., | A|# 0, then we can left-multiply both members of the equation by
A to obtain
= A'AX =AB = IX=A"B = X=A"B (- 1X=X)
Recall that equations having one or more solutions are called consistent equations.
(i) If | Al=0, the systemis consistent and has a unique solution.
(i) If|A]=0, the system of equations has either no solution or an infinite number of solutions.
(ili) Find(adj A) B.
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(@ If (adj A) B # 0, the system has no solution and is, therefore, inconsistent.

(b) If (adj A) B =0, the system is consistent and has infinitely many solutions. In this case
we say that the equations are dependent equations.

To help you to remember easily, the above can be summarised diagrammatically as

under :
System: AX=B
d
Find|A|
|
| |
|Al#0 |A|=0
Unique Solution No solution or infinite
consistent number of solutions
X=A'B !
Find (adj A) B
|
I I
(adeiB;ﬁO (adjA)B=0
No solution
Inconsistent Infinitely many solutions

0
Special Case: When B = lg]

Consistent (Dependent Eqgns.)

Inthiscase, |A|#0 = x=0,y=0,z=0. We say that the system hastrivial solution.

If | A|= 0, then the system has infinitely many solutions.

Typel.

Ex. 72. Usematrix method to solvethe system of equations

I -3y = 11, 3x+7y=-1
Sol. The given eguations are equivalent to

[g }][;] = fﬂ inthematrix form. Itisof theform
- _|4 -3 _|x _ |11
ax = Bwbaen=[3 2] x=[1] e=[1]
4 -3 . .
Al = |3 7‘=4><7—3><(—3)=37¢0 - Aisnon-singular.
The system has a unique solution X = A™B.
N L Aﬂ] [7 3]
A, =7, = -3 =3, =4, adj. A= =
11 A An Az J |:A12 A,|"|-3 4
: Il 3
Al A1 7 31 137 37
|A] 373 4] |3 4
37 37
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L 2l 77_3] [14
X1=| 37 37 _| e | 3] 2 o
[V] = 4 [—1] C|B_4 = _[—1] ox=2y=-1
37 37 37 37 37

Ex. 73. Supposethedemand curvefor automobilesover sometimeperiod can bewritten as
X, = 15000 - 0.2 x,
wherex, isthepriceof an automobileand x, isthecorresponding quantity. Supposethat thesupply
curveis
X; =600+ 0.4 x,,.
Usematrix theory to obtain x,. (1SC)
Sol. The given equations are
X, +0.2x, = 15000
X;—0.4x, =600

inthematrix formweget (1 G2 ( 5 ) - (150%0), ( . ) o —81421)1 (150

1 02

1 (-04 -02
Inverse of (l _0_4) = m( 1 1) (Art.3.29)
Al = H _0(')_24‘ =04-022-06
2 1
. 1 0.2)_ 1 (04 -02) |3 3
Therefore, inverse of (1 _04] = —0.6[—1 N 5 -5
3 3
21
- %) _|3 3 |[15000 %, (10200
Using this, we get (xz) = 5 -5 ( 600 = % 24000
33
= X4 = 10200, x, = 24000.
Type2.
3 -2 1
Ex.74.1fA=| 2 1.=3| findA™ UsngA™, solvethefollowingsystem of linear equations:
-1 2 1
X—2y+z2=2, 2X+y—3z2=—-5,-x+2y+2=6. (ISC 2008 Type)
[ 3 -2 1 3 -2 1
Sol. Given, A=|2 1 -3[=]Al=|2 1 -3
-1 2 1 -1 2 1
= 3(1+6)+2(2-3)+1(4+1)=21-2+5=2420 = A - exidts.
Ail A21 A31
Now, adi. A = | A, Ay Ay, where A isthe cofactor of &.
A13 A23 A33
_ i+l 3| _ aie2| 2 3| _ _
Here Ay =(-1)'""|5 3| =7 AL=(D"" | 3|=-(D=1,
_, 143 2 1 _ _, e+ —2 1) _n2+2] 3 1) _
A13_(_1) * -1 2‘—51A21—(_1) * 2 1‘ —41A22—(_1) * -1 1 =4
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32 -2 1 3 1
_ 2+3 _ — 3+1 _ _ 3+2 —
A23_(_1) 1 2‘ __4’A31_(_1) 1 _3‘ _5’A32_(_1) 2 _3‘ =11
+3] 3 -2
Ag=(1°" J 2‘ =7
7 4 5 1 1 7 4 5
aj.A=|1 41]= A‘1=Tao|j.A=ﬂ 1 41
5 -4 7 [Al 5 -4 7
The given system of linear equation is
X-2y+z = 2
2x+y-3z = -5
—-X+2y+z = 6

3 -2 1][x 2 [ x 2
= 2 1 -3||ly|=|-5| = AX=BwheeX=|Y|andB={-5].
-1 2 1| z 6 z 6

1 (7 4 5][ 2
= Al =AB = x:A‘lE;:ﬁ 1 4 11|[-5

7x2+4x-5+5%x6 1 [ 24 1
o X=L|1x2+4x-5+11x6 |=-L|48|=|2
3

24| 5x2+-ax-5+7x6| 24|

X 1
= |y|[=|2| = x=1ly=2,z=3.
z 3

Ex. 75. Solve the following system of equations by matrix method 5x + 3y + z = 16,
2X+y+3z=19,x+2y+4z=25

Sol. Writing the given eguations in the matrix form AX = B as

5 3 4f[x 16 531 X 16
2 1.3|ly| =|19(, whereA=|2 1 3| X=|y|andB=|19{,
12 4|z 25 1 2 4 z 25

531
2 1 3
1 2 4
Alisnon singular.
..~ The system has the unique solution X = A™'B; A; = -2, A, = -5, A; = 3, A, = -10,
A,=19 A =-7,A =8 A, =-13 Ay =-1

A Ay Ay [—2 -10 8}

|A|= = 5(4-6)—-3(8-3)+1(4—1)=—22%0.

adfA=|A, Ap Ap|=|-5 19 -13
As As Ag 3 7 -

adA 1 [—2 -10 8:| :[ 2/22 10/22 -8/ 22}

=1 |5 19 -13|=| 5/22 -19/22 13/22
A~ —22

3 -7 - -3/22 7122 1/22

At =

Now, AX=B = X=A'B
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32+190-200 22

« 2122 10/22 -8/22][16 22 22 n
M = | 5122 -19/22 13/22||19]|= %;*325 - %‘ P
z
-3/22 7122 1/22|| 25 _48+133+ 25 110 5
22 22
x=1,y=2,z=5.
Ex. 76. Usngmatrices, solvethefollowing system of equations:
X+2y =5
y+2z =8
2xX+z =5 (1'SC 2003)
Sol. Writing the given equationsin matrix form
AX =Bas
e i3
0 1 2fly| =|8],wehave
2 0 1f|z 5
120
|Al = g Cl) % =1(1-0)-2(0-4)+0=1+8=9=0.

A isnon-singular.
The system has the unique solution X = A™'B.

Aisinvertibleand A~ = f‘—:Jl
Now wefind Adj A.
_ A Ay Ay
AdA = |Ap A Ay
Az Az Ag

Where A, A5, Ays...., are cofactors of @y, a,,, a5....., respectively
An=LAp=4 Ap=-2 A= -2 =1 Ap=4 Ay =4 Ap=-2Ag=1

1 =2 4
1.-2 4 , 1 -2 4 9 9 9
Ad,A = 4 1 -2 patoAdA_LE T ol 4 1 -
=2 4 1 AI9—241_2291
9 9 09
Substituting in X = A™'B,
[ 1 2 4
9 9 9
X 5
=2 4 1| B
|9 9 9
5.16 .20
X 20 % 1| [
= Y| = |5 tTe— o |[=|2] = x=1y=22=3
S 9 '9 9 3
-10,32_5
9 "9 79
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2 3 4 20 2 34
Ex.77. Findtheproductof A=|5 4 —g|andB=| 8 16 -32|anduseittosolvethe
3 =2 2 22 -13 7
system of equation given below :
Z+§+ﬂ':_3’§+£_§:4’§_g_2:6_ (NMOC)
X y z X y z X y z
(2 3 4][20 2 34 40+24+88 4+48-52 68—-96+ 28
Sol. AB=|5 4 -6|| 8 16 -32|=[100+32-132 10+64+78 170-128-42
|3 -2 -2||22 -13 7 60-16-44 6-32+26 102+64-14
(152 0 0 100
= 0 152 0|=152|0 1 O
0O 0 152 0 0 1
AB=1521 = = (AB) =1, i€, ~mB = Al
= = :>l52( )=1,1.e, 15,8 =
20 2 34
-1 1 1
=—B =-—=—| 8 16 -32
- SRR [22 ~13 7]
Given system of equations are
2.3,.4
xtytz =80 2u+3v+aw=-3
5,4 6 _ A
x+y 5 =4 or 5u+4v-6w=4
3.2.2 _g o zu-2v-2w=6, where L=y, L=y, 1w
X y z X y z

The above system can be written in the form

2 3 4][u -3
5 4 -6||lv| =1 4| = Ax=C = x=A"'C

3 -2 -2||w 6
1 [20 2 34|[-3
22 -13 7| 6

L [-60+8+204] T 152 1
= Ll-2a+64-102|=-L|-152|=| -
12| _e6-52+42| 12| 76| |-1/2

u 1
., v| = -1 = u=1v=-1,w=-1/2
N 1L - g1 1 yoqy=17=22
X y z 2
Type3.

Ex. 78. Usematrix method to examine the following system of equationsfor consistency or
inconsistency 2x+5y =7, 6x+15y=13
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Sol. Writing the given system of equations in matrix form, we have

[623 12][§] = [12] or AX=B, where

2
A=[6 12],X = D]’B:[l;]’ Al=|3 12‘:30—30:0 - Aissingular

Either the given system has no solution or an infinite number of solutions.
Wefind (adj A) B.

s = onesas - ane[d B[

. _ |15 5[] 7|_|105-65|_| 40
dAB = [—6 2] [13] = [—42 + 26] = [—16] g
= The given system has no solution, and is, therefore, inconsistent.
Note: 2x+5y = 7= 3 (2x+5y) = 7 x 3 = 6x + 15y = 21 whereas the other equation is
6x + 15y = 13.

Hence, inconsistent.
Ex. 79. Usngmatrix method examinetheconsistency or inconsistency of the system

6x +4y=2,9x +6y=3
Sol. Representing the system by the matrix equation AX = B

8 &3] = [3] whee a<]3 ][] <[5

6 4 o
|A] = ‘9 6| =36-36=0 .. Aissingular

Either the system has no solution or has infinite number of solutions.
To check, wefind (adj. A) B.
A =6 Ay =9 Ay=-4 A,=6

ia=|A1 An|_| 6 4 anpo| 6 —4][2]_[12-12]_[0] -
adJA_[Aiz A, 7|0 6] GIAB=| g §||3]|=|18-18|=|0]7°
Since (adj A) B = 0, therefore, the given system is consistent and has an infinite number of

solutions. Lety=k. Putting y = kin 1st equation, we get
bx+4k=2 = 6x=2-4k = x=%(2—4k) - x=%(1—2k)
Substituting the values of x and y in the 2nd equation, e.g. 9x + 6y = 3, we have
9.%(1—2k)+6k =3 = 3-6k+6k=3 = 3=3, whichistrue

Hence the given system has infinite number of solutions, given by x = % (1-2k),y=k
EX. 80. Test for consistency thesystem of equations

AX—5y—2z=2,5x—4y+2z2=-2,2x + 2y + 8z=-1. (1SC 2007)
Sol. The system can be represented in the form AX = B,
4 -5 -2 X 2
where A=|5 -4 2|,X=|y|,B=[-2
2 2 8 z -1
4 5 -2

£ 5 5|=4(-32-4)+5(40-4)-2(10+8)
=144 +180-36 =—180+180=0

|Al =
2 2 8
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Since|A| =0, .. A doesnot exist. Either the system has no solution or hasinfinite number of
solutions.

A Al
A, =-36,A,,=-36,A,,= 18, A, =36,A,,= 36, A, =18, A, =18, A, = —18, A, = 0.

B _ Adj A
To check, wefind (adj A) B. [ X=—= AlB:—J B]

(A, A, Ayl [-36 36 -18
adjA =P An Ap|=|-36 36 -18|
_A13 A23 %3 18 -18 9
(36 36 -18][ 2] [-126
(adjAB = |-36 36 -18||-2|=|-126|=0
| 18 18 9|1 63

Since| A|=0and (adj A)B # 0, the given system has no solution and is, therefore inconsi stent.
Ex. 81. Test for consistency and solvetheequations

5X+3y+7z=4, 3x+26y+2z=9,7x+2y+10z=5.
Sol. The given system can be written in the matrix form AX =B, i.e,,

5 3 7|[x 4 5 3 7 X 4
326 2|yl =19| wheeA=|3 26 2/ X=|y[,B=|9
7 2 10||z 5 7 210 z 5

5 3 7
Now |Al =3 26 2|=5(260—-4)-3(30-14)+7(6-182)=0
7 210
Since|A|=0, therefore, Aldoesnotexist. .. The system has either no solution or hasinfinite

number of solutions.
To check, wefind (adj A)B
A =256,A,=-16,A;=-176,A,; ==16,A,, =1, A, =11, Ay =—176,A,, =11, A, =121

(AL Ay Ay 256 —16 -176
adj. A = R Ry Ap|=| ~16 + 11
(A Ay Ayl [-176 11 121
[ 256 -16 -176][4] [1024—144-880] [O
(adji-AB = | —16 1 11119(=| — 64+ 9+ 55 |=[(0| =0
|-176 11 121||5| |-704+99+605| |0

Since| A|=0and (adj. A)B = 0, the system is consistent and has infinite number of solutions.
Let z=kand solve any two of the given equations as follows :
5x+3y+7y =4 or 5x+3y=4-7k ()
Xx+26y+2k =9 or 3x+26y=9-2k (2
Solving (1) and (2), we havex = %1 (7—16Kk),y= 1—11 (k+3). Alsoz=k
Substituting in the third equation, e.g., 7x + 2y + 10z =5, we have
1 1 _
7. 11 (7—16K) +2. 11 (k+3)+10k=5,
or 49-112k+2k+6+110k =55 or 55=55whichistrue.
Thus, the given system of equations has infinite number of solutions given by

X = 1—11(7—16k),y: ﬁ(k+3),z:kwherekisanyreal number.
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EXERCISE 3 (i)
Solve the following systems of equations by matrix method.
1. 2x-3y=1 2. 2x+3y=23 3. 3x+7y=4
3x-2y=4 (NMOC) 3x+4y =32 (I1SC 1991) X+2y=1
4. 2Xx+y=5 5 3x+y+z=3 6. x—y+z=2
5x-2y=8 X-y-2=2 2x-y=0
-X-y+z=1 2y—z=1
7. §+§+Q:4
X y z
4_6,.5,
X y z
§+§_@=2 [Hint. Putlzu,i:v,lzwandsolveforu,v,w]
Xy z X y z
8. x+y=5 9. SX-y=-7 10, X = 2%, +3x3=4
z+y=7 2x+3z=1 22X + %, — 3% =5
zZ+x=6 y-z=7 X+ X, +2%, =3 (I1SC 2002)
[Hint. Seesolved Ex. 75]
11. x-2y+3z=6, 12. X +y+z=6
X+4y+z=12, X—-y+z=2
x—3y+2z=1(1SC 2001) 2x+y—z=1 (I1SC 2007)

13. (i) Find the inverse of the matrix (82 _()086) and use it in solving the equations

0.8x, — 0.6x, = 10

0.6x, + 0.8x, = 20. (I1sC)
(ii) Find the inverse of the matrix (g E) , and use it to solve the simultaneous equations
6x+7y=2
4x + 5y =3. (ISC)
_ (4 -5 -11] o _
14. () IfA=|1 -3 1|, find A~ and using A" solve the system of equations 4x — 5y — 11z =12,
2 3 -7
X=3y+z=12x+3y=72=2.
(8 -4 1
(i) IfA = 13 (i g , find A, Using A%, solve the following system of linear equations:
8x—4y+z:5,1Ox+6224,8x+y+622g.
1 2 -3
(i) If A= % _g _‘21 ,find A™* and hence solve the following system of linear equations.
X+2y—3z2=—4,2x+3y+ 22=2,3x—3y—4z=11. (I'sC 2008)

[Hint. See Solved Ex. 74]

-5 1 3 112
15. Find the product of two matrices A and B, WhereA:{ 7 1 —5} a“dB:{g % ’ﬂ
1 -1 1

and use it to solve the system of equations

X+y+2z2=13x+2y+z2=7,2Xx+y+3z=2 (NMOC, Roorkee)
Use matrix method to examine the following systems of equations of consistency or inconsistency.
16. 3x—-2y=5 17. 4x-2y=3 18. x+5y=3

6x—4y=9 6x—3y=5 2X+10y=6
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19. 3x-y+2z=3 20. x+y+z=6 21, 2Xx-y+3z=1
2X+y+3z=5 Xx+2y+3z=14 X+2y—z=2
Xx-2y—-z=1 X+4y+7z2=30 5y-5z=3

22. Show that the following system of equations is consistent.

X—2y+z=0,y-2z=3,2x-3z=10

Also find the solution using matrix method. (IsC BM 2003)
23. Find k so that the equations

3X—-2y+2z=1,2x+y+3z=-1,x- 3y + kz=0 may have aunique solution.
24. For what value of k, do the equation

2X-3y+2z=a
5x+4y—-2z=-3
x—13ly+kz=9

not have a unique solution ?

25. Suppose the demand curve for automobiles over some time period can be written as x, = 15000
—0.2 x, where x, isthe price of an automobile and x, is the correponding quantity. Suppose the supply
curveis x; = 600 + 0.4 x,. Use matrix theory to obtains x;. (1SC)

26. Gaurav purchases 3 pens, 2 bags and 1 instrument box and pays Rs 41.. From the same shop, Dheergj
purchases 2 pens, 1 bag and 2 instrument boxes and pays Rs 29, while Ankur purchases 2 pens, 2 bags
and 2 instrument boxes and pays Rs 44. Trandate the problemiinto a system of equations. Solve the
system of equation by matrix method and hence find the cost of ‘'one pen, one bag and one instrument
box.

[Hint. Let the cost of 1 pen be Rs x, of one bag be Rs y and of one instrument box be Rs z. Then
3X+2y+z=412x+y+22=29, 2x + 2y + 22 =44. Solve by matrix method.]

ANSWERS
1. x=2,y=1 20x=4,y=5 3. x=-1y=1
4. x=2,y=1 5. x=1,y=-1,z=1 6. x=1,y=2,2z=3
7. x=2,y=3,2z=5 8. x=2,y=3,z=4 9. x=-1y=22z=1
10. X, =4,%=3,X=2 11. x=1,y=2,2=3 12. x=1,y=2,z=3
5 -7
.| 08 06 | = = -11
13. (i) [_0_6 0.8];x1=20,x2:10 (i) |2 2|ix=—"Y=5
-2 3
. -1 18 -68 -38
14. ()A =559 -6 -15|, x=-1,y=-1,z=-1
219 -2 -7
4 -6 25 -24 1
@at=L| 12 40 -38|,x=1y=32=-1
10| 10 -40 40
a1 -6 17 13
(iA"==| 14 5 -8|,x=3y=-212z=1 1I5AB=4l; x=2,y=1,z=-1
6715 9 -1
16. Inconsistent 17. Inconsistent
18. Consistent, infinitely many solutions, x =3 — 5k, y =k wherek e R. 19. Inconsistent.
20. Consistent, has infinitely many solutionsz=k, x=k—-2,y=8 -2k for al ke R
21. Consistent, infinitely many solution z = k, x=4_55k, y=5k+3, wherek e R
22. x=8,y=5,z=2 23. k-1 24. k+8
25. x; =10, 200; x, =24,000. 26. Pen— Rs2, bag — Rs15, instrument box — Rs 5.
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HINTS
8. Writethegiven equationasx+y+0-z=5,0x+y+z=7,x+0y+z=6
) A 4 A
14. F|rstshowthatAB=4|,orz B=I = B =Z-NowBX=D

X 1 X 1 X 1
-1 -1 A
—~g|Y||7| = B Bly| = B 7=>y=z7,etc.
z 2 z 2 z 2
22. The system will have a unique solution only, if the coefft, matrix is non-singular, i.e.,

|A] # 0.

REVISION EXERCISE ON CHAPTERS 2 AND 3

101
1.G) IfA=|2 1 0] thenfinddetA
321

4 7

2 .
Xty Z] = [0 10],thenf|nd the valuesof x, y, z, w.

(i) If [x— y 2z+w
5 6 -3
(i) fFA=|-4 3 g , then find the cofactors of the elements of 2nd row

cos® sin® O
2. Find 6 if thematrix | Ssn® cos® O | issingular.
0 0 1

w

. Find the inverse of the matrix [i é]

4. Find A if the system of equations 3x— 2y +z= 0, Ax— 14y + 15z2= 0, x + 2y — 3z = 0 has non-zero solution.
[Hint Refer to Art 3.37, special cases, Page 3-62]

1 0 1
Thematrix |2 1 0] is
3

5.
11
(&) non-singular (b) singular (c) skew-symmetric (d) symmetric
x 1 y+z 1/a 1 bc
6. ()Showthat |y 4 zZ+Xx| =0 (i) |/b 1 ca| =0
z'1 x+vy l/c 1 ab
71f A= [_23 %],B: [0 _1],thenfind BLAYY
1 X x+1
8. () Iff(x)= 2x x(x—1) (x + Dx , then find f (100).
Mx-1) x(x-D(x-2) (x+DPx(x-12
x+a b c
(ii) Show that one root of the equation b x+c a |[=0is—(at+tb+o).
c a Xx+b

9. If thesystem of equationsx +2y —3z=1, (A + 3) z=3, (2h + 1) x + z= 0 isinconsistent, then find the

value of A.
52 5 5
10. Evauae |5’ 5* 5°
5 5% 5
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2 0 -3
n. IfA:|:4 3 1:|isexpressedasasumofawmmetricandskeNsymmetricmamrix,thenfindtheskaN

-5 7 2
symmetric matrix.

& b g byCy —bsC, g, —ac; aghy —agh,

12. If | @& b, © | =5thenfindthevalueof | BiC —bcy  a&Cy —asc,  agh — aghs

a3 by ¢ b, —bye; A —ac, ab, —ahy

[Hint. See solved Ex. 55]
13. If the system of equationsx — ky —z=0, kx—y—z=0, X + y — z= 0 has a non-zero solution, then find
the possible values of k.

1+ X X

X
14, 1f | 1+ y3 y2 Y | =0andx, y, zand all different, then find the value of xyz.
1+2° 22 2
15. (i) IfA= [(i( g] ,B= [é g] whenever A? = B then the value of o.is
@ 1 (b)) -1 (c 4 (d) noreal valueof o.

(i) x+ay=0,y+az=0,z+ax=0. Thevalue of afor which the system of equation hasinfinitely many

solutions is
(@ a=1 (b) a=0 (c) a=-1 (d) no vaue.
b o B
16 1fA= |2 andAZZ[ ],then
b a p «
(i) o=a’+b%p=ab (i) o =a’+ b’ B =2ab,
(i) o=a’+b% p=a’-b’ (iv) o.=2ab,p=a’+b’
0 0 -1
17. LeeA=| 0 -1 0| Theonly correct statement about the matrix A is
-1 0 0
(a)A_ldoesnotexist (b) A=(=12)I,whenl isaunit matrix
(c) Aisazero matrix (d) AZ=|
1. a b 9
18. InaAABC,if|1l ¢ a =O,thenprovethatsin2A+sinzB+sin2C:Z.
1 b ¢

19. The number of values of k for which the system of equations (k + 1) x + 8y = 4k,
kx.+ (k + 30)y = 3k — 1 has infinitely many solutions is

(@0 () 1 (© 2 (d) Infinite
100 111 12!
20. Thevaue of the determinant | 11! 12! 13| is
120 131 14!
(@2 (10! 111) (b) 2 (10 131) (0 210111112 (d) 2 (11! 12! 131)

21. IfAz—A+I=O,thentheinverseofAis
@A (b) A+l (© I-A (d A-I
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22. If Aisaninvertible matrix, then what is det (A‘l) equal to

1

(@ 0 (b) det (A) © d 1
det (A)
1 0 O 1 2
23. A=|2 1 0},if U, U,and U, are column matrices satisfying AU, = | 0|, AU, = | 3| and
3 2 1 0 0
2
AU,=|3| and Uisa3 x 3 matrix when columns are U,, U,, U, then find
1
(@) thevaueof |U | (b) the sum of the dlementsof U~ *
3
(c) thevaueof [3 2 0] U|2]|.
0
loge loge® loge®
24. (i) Evaluate|loge’ loge® loge?
loge® loge* loge’
(i) If Aisaninvertible matrix of order n, then Adj. A=
@ Al (b [A[ © 1A (A A2
1 1 1
25 Lete A= |1 1 1| be asqguare matrix of order 3, then for any positive integer n, what is
1 1 1
A" equal to ?
@ A (b) A © @A (d) 3A
1 2 3
26. LetA=(ay),. adadjA= (o). IfA=|4 5 4 | thenfind o,
2 3 -1
X X2 1+ x°
27. If A=|y y* 1+y®| wherex,y, and zaredistinct, what is |A| ?
z 72 1+7°|,
@ o (i) Xy = y*x+xyz (i) (x=¥) (y=2) (z-%) (iv) %z
cos(oe+fB) —sin(o+p) cos2B
28. The determinant |gin g cosa, sing | isindependent of
—Ccos o sina cosp

@B (b) o () ovandp both (d) Tobecomerationa
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ANSWERS
1. ()2 (i) 2,234 (i) 3,3, 11
T [ 3 -1
2, 2 3 5{_1 2] 4.5
2 -2 _
5. (b) 2 P 8. ()0
0o -2 1
9. —% 10. 0 n |2 0 -3
-1 3 O
12. 25 13. -1,1 14. -1
15. (i)d (i) ¢ 16. (ii)
17. (d) 19. (b) 20. (¢)
21. (o) 22. (o)
1 2 2 1 2 2
23 U;=| -2 | U,=| -1 |Us=| -1|U=|-2 -1 -1
1 -4 -3 1 -4 -3
@|uU|=3, (i) 0 (i) 5
24. (i) (0) (i) (c) 25. () 26. 8 27. (iii) 28. ()
HINTS
12. Reqd. determinant = |adj A| where

15.

16.

18.

19.

a b g
A=la, b, o] =|AF*=|AP=5°=25. (Seenote, solved Ex.55)

a b q

_2_0c0(10_0c20_10_2_ _
(|)A—1 1l 2 a1 1175 12 L=l = a=x1

Alsoa+1=5 =a=4 .. Norea vaueof a.
1 a .0

([0 1 .a|=0=> 1+a’=0 = a=-1
a 0 1

A a bifa b 2 . . 2
A=A A= b allb a . Equatethe value of A” so obtained to the given value of A”.
1 a b

1 ¢ a|=0, on simplification = (a—-b)?+ (b-c)?+ (c-a’=0
1 b c

Itispossibleonly if andonly if a=b=c,i.e, AABCisequilateral = ZA=/B=/C=60".
For infinitely many solutions, the two equations must be identical

k+1 8 4k

= = =
k k+3 3k-1

— K24k +3=0and kK —3k+2=0
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2
I N PTST
-8+9 3-2 -3+4
1 11 11x12
20. A=10'11112! (1 12 12x13| ApplyR, > R,~R adR, — R,—R,
1 13 13x14

21 AP—A+1=0 = I=A-A- A= AT =A T APA ) ATt —A
22. Since|A|# 0, therefore A lexistssuchthat AA =1 = A'A

-1 -1 -1 i
= |AT= 1 = [AIAT =1 = |A7]= 5]
X 1 0 O X 1 X 1
23. LetU;=| y|sothat |2 1 Ol y|=[0|=]Y|=|—-2] Smilalyyou
Z 3 2 1 z 0 Z 1
2 2
may obtain U, = | =1 |, U;= | =1 | Now find U and.then adj U and then U™
-4 -3
& 1 2 21 3
[3 2 O0Ju|l2|=[3 2 o0]|]-2 1> -1||2
0 1. -4 -3 0

28. Expand cos (0. + B), —sin (a + ), cos 2.8 (putting = cos” B —sin’p).

Now apply R, — R, + sin B R, +¢os B R;. You will obtain the value of the determinant
asO.
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Inverse Trigonometric Functions

4.01. Inverse circular or trigonometrical functions

Ifsing =x,then = sin™*x (Read assineinverse x)
Thusweseethat ‘sin™x is asymbol which denotes an angle or anumber the value of whose sine
isx. Similarly, ‘cos™x denotes an angle whose cosine is x and so on. Thus

T
sin—< =
6

N

: tnj =1 . 7 = tn ()
T .11
T~ sn(2);
6 (2)
The expressions sin'x, cosX, tan ", ... are called inversetrigonometric functions.
Note. Thesymbol ‘arc sin X’ isalso used for sin~x.

Caution. It should beclearly noted that si nixis merely asymbol to indicate the angleand should
not be confused with (sin x)'1 or 1/sin x. The (1) is not an exponent here. It is the inverse notation
used in f (x).

4.02. The inverse of a t-function is nota function

The equationy = sin x definesthe sine function and in this defining equation, x isthe independent
variable and y is the dependent variable. The domain is the set of all real numbers or angles, and the
range isthe set of al real numbers between —1 and +1 inclusive. We know that there is unique value
of y for each given angle or number x. Suppose we are interested in the converse process that is, we
want to find the value of x for agiven value of y which, in other words, means that we wish to know a
number or an angle corresponding to a particular value of the sine of the angle.

Supposeitisgiventhat y = sinx = %,then X = %(or 30°) is a number or angle whose

1

sineis% but % (or 150°) is aso anumber or angle whose sineis >

. Besides these, other possible
valuesare % (or 390°), 1%“ (or 510°), _—an (or—210°), and % (or—330°) ...Infact, wehavean
infinitely many values of x, both positive and negative, for which sinx = % More concisdly, if

1 1 T 5
sinx = 2,thenx = E+2m and 5 +2nt, nel.

Thefunction {(x, y) | y = sinx} will thus be an infinite set of ordered pairs given below:

b 1 5r 1
{(6+2nn, E)' (€+2nn, E), ne I}

when y isreplaced by %
Ch4-3
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The inverse of this function is the set of ordered pairs
1 = 1 5¢n
{(E’ e 2nn), (5' &t 2nn), ne |}
which is obviously not a function, because corresponding to a value of the independent variable
there are more than one value of the dependent variable.

4.03. Inverses of trigonometric functions

Consider the sine function {(xy):y=sinx} -~
The inverse of this function is found by interchanging the x and the y in the defining equation.
Itis
{(x,y): x=dny} (2
and as discussed in Art. 4.01 is denoted by the symbolism
{(x,y):y=s8in"x}or {(x,y): y=aresinx}
Other trigonometric functions also have inverse relations which are defined similarly
{(xy):y=cos™x} or {(xy):y=accosx}
{(xy):y=tan>} or {(xy):y=actanx}
{(xy):y=cot™} or {(xy):y=arccotx}
{xy):y=sec™® o {(xy):y=acsecx}
{(xy):y=cosec™} or {(XY):y=arccosecx}
Note. Aswehaveexplainedin Art. 4.02, al inversesof t-functionsare not functions. We shall now
find in the next section the conditions under which theinverse of at-function may be made afunction.

4.04. Defining inverse t-function

We have seen that the inverses of t-functions are all relations. They are not functions. In order to
make these relations inverse functions certain restrictions must be placed on either the domain or the
range. Since the domain is already restricted to the interval -1 < x < 1, therefore, we consider

restricting the range.
Consider the sine function

sine = {e;—_zn_egg} 5 Jxv-1< x <1} denoted by Sno = x.
We then, define the inverse sine function, as

sin™h i {x:-1< x£1}e{e:_—2n£esg} denoted by sintx=9.
We see in the above that al values of x in the interval of the domain, i.e, (<1 < x < 1) are

associated with one and only one value in the restricted range, i.e., __Zn <0< g .

sine sine—1

|
4
|
-

|
:‘Ml
|

RN [59) TEREY N

6
I
4
I
8]
I
2

Fig. 4.01

1. . . . . . —TU
Thus, sin lX|sanangle, whosesineisx, i.e, sin'x < x = sme,where7S9
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Since al valuesof xintheinterval of thedomain (-1 < X < 1) are associated with one and only

one value in the restricted range (—% <6< g) , the inverse function of sine function exists and is

defined in the restricted range.

Similarly, in case of cosine function, its inverse function will exist, if we restrict the domain of
cosinefunctionto 0 < x < = which meansthat the domain of cos xwould be—1 < X < landrange
O<y< .

cosine cos™1

o

2z
6
2L
3
T
4
T

Fig. 4.02
In the table given below, we have listed the definition of the inverse trigonometric functions with
restricted ranges.

GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS

4.05. y =sin"'x

Consider the function equation x = sin y. We know that as'y increases from —g to g , then x

increases monotonically, taking up every real valuein[—1, 1], so that to each value of x in thisinterval

there corresponds one and only one value of y in the interval [—_Zn ; g} . Thus, there is one and only

one angle with agiven sine.
According we define sinx as follows:

sinxisthe angle in theinterval [—_Zn g} , Wwhose sine is x.

In others word, the domain of the sin™x is[—1, 1] and the rangeis [—_Zn ) %} .

To draw thegraph of y = sin~'x.
Tablefor sin™'x

—3 -1 -1 1 1 V3
X = 2 2 2 0 2 2 2 L
=—087| =-070| =-05 =05 | =070 | =087
7 - - - T T T n
sinxy 5 3 4 6 0 6 4 3 2
We know that

(i) yincreases monotonicaly from —% to g asxincreasesfrom—1to 1.
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(i) sn'x=0,sn"1= 7, sn(-1)=-7.
(iii) s n'xis defined in the interval [-1, 1] only.

Take 10 small divisions = 1 dlong the x-axisand 5 small division = % along the y-axis.

Plot the points and join.
We thus have the graph as drawn in Fig. 4.03.

- (n/2) TES

(n/3) /

L (1/4)
L (1/6)

-0.7
1L | | I |
—0.87 —05 0 0.5 0.7.0.87

L (—1/6)
- (=7/4)

(—m/3)

- (—n/2
(1, {n/2) e

Fig. 4.03. Graph of y = sin'x
Note. A portion of the graph of y = sin x is shown in Fig. 4.04. It is easily seen that the graph
of y= sinx-is the reflection of y = s§in x, in the line y = x, as by interchanging x and y in
y=snxwegetx=sny,ie,y=snx
1

-1
Fig. 4.04
4.06. Graph of y = cos™'x
Consider the functional eguation x = cosyy.
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We know that asy increases from O to &, then x decreases monotonically taking up every real
value between 1 and —1. Thus, there is one and only one angle, lying between 0 to &, with a given
cosine.

Accordingly we define cos * x asfollows::

cos X is the angle in the interval [0, ], whose cosine is x.

In other words, the domain of cos *xis [-1, 1] and therangeis[O, m].

To draw the graph of y = cos ™t x

Tablefor cos'x

3 =i -1 1 1 3
e N 2 0 2 2 | 2%
=—087| =-0.70| =-05 =05 =070 | =087
-1 Sn 3n 2n T T s T
e 6 4 3 2 3 4 6 0
We note that

(i) 'y decreases monotonically from it to 0 as x increases from —1 to 1.
(i) cos ™ (-1) =m, cost0= g ,cost1=0.
(i) cos™ xisdefined in theinterval [-1, 1] only.
We thus have the graph asis drawn in Fig. 4.05.

ya
(_11 TE) T

— 511/6

- 3m/4
2n/3

(0, m/2) N m/2

/3

L /4

—71/6

TP L 11
-1-0.87-0.7-0.5 0 0.5 0.70.87 X

Fig. 4.05. Graph of y = cos X
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Note. A portion of the graph of y = cosx is shown below. The graph of y = cos " is reflection of
y = cosxintheliney= x.

-

! [« -
T T
ola 4+
wla +
a4

(SRR

o
cn|;|——
__:_‘__

N
ov|;,-
&
|9

Graph of y = cos x

4.07.y =tan™' x

Consider the functional equation x =tan'y.

We know that as y increases from T to T, then x increases monotonically taking up every
valuein (— oo, =) s0 that to each value of x in thisinterval there corresponds one and only one value
of yintheinterval (- T, E) .

Y ( 2'2

Accordingly we have the following definition of tan ' -
nn

2'2
_T

tan ' x isthe angle in the interval (
tan " X is (oo, o0) andtherangeis( 2%)

), whose tangent isx. In other words, the domain of

To draw the graph of y = tan™ x
Tablefor tanx

-1 1
X _\/é -1 J3 0 J3 1 \/5
=-1.73 =-0.58 =058 =173

=il T 2l =T I Y %

7 3 4 6 ¢ 6 4 3
-1 T

When X—oe, then tan xaE

When X——eo, then tan™ x — __Zn

We note that

(i) yincreases monotonically from __2n to % asxincreses from — oo t0 oo,

(i) tant0isO0.

(iii) tan *x is defined in the interval (oo, o0).
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Plot thepoints(-1.73, —n/3),(-1, —n/ 4),(-0.58, —x/6),(0,0),(0.58, ©/6),(1, ©/ 4),(1.73, t/ 3)
andjoin. Keepinmindthat asy, i.e., tan ' x — /2, X —> oo andasy,i.e.,tan'lx—> /2, X— .

We then have the graph asis drawn in Fig. 4.06.

y
- y =m/2 -+ o
_____________________________ e EHAA A S
(w3 P
15’_75
wa e
)| (173 |-/6)
X ~1.73 -h o058 0 058 1 1.73 X
(—n/6)
| S
/(—1,—7r/4) Ci4)
(—/3)
———  3,-w3)
_________________________________ 2 g Y = - MR
Dt v

Fig. 4.06. Graph of y = tan™x

Note. To help you to compare the graphs of y = tan * x and y = tan x, a portion of the graph of
y = tan x is shown below.

YN

4

Graph of y = tanx
4.08 y = cot™' x

Consider the functional equation x = cot y. We know that as y increases from 0O to &, then x
decreases monotonically from + oo to — e, taking up every real value between — oo and + oo,
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Thus, there is one and only one angle, lying between 0 and &, with a given cotangent.
Accordingly we define cot ! x asfollows::

(cot_1 X) is the angle in the interval (0, 7) whose cotangent is x.

In other words the domain of cot™ x is (= o0, o) and the range is (O, ).
To draw the graph of y = cot™ x
Tablefor cot™x

Using cot (1t —x) =—cot x, we have COt% = OOt(n—g) = —COtg, COts—ic = OOt(n—%)
2n T T
= —cot® cotZt = t( ——) = —cotZ.
cot, cot= = cot{m—= 3
Hence, we have the following table.
-1 1
X -3 -1 NG 0 NG 1, J3
=-1.73 =-0.58 =0.58 =173
it S 3t 2n n n T n
cot X 6 4 3 2 3 4 6

We note that
(i) 'y decreases monotonically from it to 0 as x increases from — eo 0 oo,

(i) cotto= g
(iii) cot ™ xisdefined in the interval (= o0, o).

. 5n 3 2n T T ..
Plotthe points(-1.73, %), (L, Z" ), (-058,59). 0, g ). (058, 3). (1, % ). (173, 5 ) andjoin.

Observethat as X — e, cot ™ x— 0 andas X—= =, cot *x — 1.

We then have the graph asisdrawn in Fig. 4.07.

ylk

\ - 511/6
- 3n1/4
\ 27/3

\<
AN0:58, /3)

(1, m/4)
:T:E//‘é \\(‘1.73, /6)

Xv

0 y=0

Fig. 4.07. Graph of y = cot™x
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Note. The graph of y = cot X is shown below.

I I
I Y/\ I
I 1
I I
I I
I I
I I
I I
I I
I I
I I
I I
1 1
I I
I - I
I 1 I
I I
] ]
I I
=0 0 B[} bl
=T
I —_— I
| 2 2 |
I I
| =11 1
I I
I I
1 1
[} [}
I I
I I
I I
I I
I I
I I
| |
I I
I I
I I
Graph of y = cot x
4.09. y = sec 'x
Consider the functional equation x = sec y.~We know that asy increases from 0O to g , then x

increasesmonotonically from 1to + e, Alsoasyincreasesfrom g tom, then xincreasesmonotonically
from — « to —1. Thus, there is one and only one value of the angle, lying between 0 and &, whose
secant is any given number, not lying between —1 and 1.

Accordingly we define sec xas follows :

sect x is the angle, lying between 0 and &, whose secant is X, excluding % but including O
and 7.

In other words, thedomainisx < —1andx > 1,i.e, R—[-1, 1] and therangeis [0, ] — {g}

To draw the graph of sec™ x.

Tablefor sec x

X 1 115 141 2 —2 141 -1.15 -1
A b T T 2n 3r 5r
AR I I 2 3 3| 4 6 ™
We note that
(i) yincreasesfrom O to % as x increases from 1 to + o, and y increases from % tom asx

increases from — oo to— 1.
(i) sect(-1)=mn;sect1=0.
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(iii) sec™ xisdefinedforx<—1andx>1.

T
Plotting the points (1, 0), (1.15, 5 ) , (-1, ) asobtained from thetable.

We have the graph of the form drawn in Fig. 4.08.

o K| y=pn

/ L 571/6
—3n/4|

2m/3

/2 y =m/2 1 &3

| —

/3
L 1/4
L 11/6

A 4

(11 0) X

> &

(_1 ’ 0) y/ I
Fig. 4.08. Graph of sec 'x

Note. The graph of y = sec x is given below to help you to observe the difference between the
graph of y = sec x and y = sec .

ANy

|

a
o
NI

Graph of y = sec x

410.y = cosec™' x

g to 0, then
x decreases monotonically from —1to — <, and asy increasesfrom 0 to I , X decreases monotonically
from+eto1.

Consider the functional equation x = cosec y. We know that asy increases from —



Inverse Trigonometric Functions Ch 4-13

Thus, there is one and only one value of the angle lying between —_215 and % , Whose cosecent

is any given number, not lying between —1 and 1.
Accordingly we define cosec * x as follows :

Cosec™ x is the angle, lying between % and % whose cosecant is x, excluding O, but

including ;ZR and g

In other words the domain of cosec * xisx < —1 and x> 1, and the rangeis [__Zn , g —{0}.

To draw the graph of y = cosec™ x. .

Tablefor cosec™x

X 2 141 115 1 -2 141 -1.15 -1

|z L T L - R

CoSeC X1 6 4 3 2 6 4 3 2

We note that

n

(i) ydecreasesfromOto ;2” as x increases from — « to —1, and y decreases from > toOasx

increasesfrom 1 to + .

(i) cosec™* (;ZR)=—1; cosec " (g):l.

(iii) cosec™ x is defined
forx<-landx>1.

. . T T —T
Plotting the points (2, <), (1.41, 2 ) P (-1, > )
We have the graph asisdrawn in Fig. 4.09.
T y4 T T T
(-1, m) (1, n/2) X =n/2
n/2
L /3 \
- /4
/6
X' \\3:;0:
] Y X
B -n/6
L_1/4
\ -—1/3

Fig. 4.09. Graph of COSEC X
Graph of y = cosec x is given to help you compare the graphs of y = cosec *x and

Y = COSEC X.
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Ny

et
<!

|
a
o
e e
e e T
a
Xv

Graph of y = cosec x

Notel. Thegraphsof y=s nx, cos X, tan - X, cot ™ X;'SeC™ X, cosec  x are the reflections
respectively of thegraphsof y=sinx, cosx, tan x, cot x, sec x, cosec xintheliney=x.

Note 2. The symbol sin™* xlis also written as “arc.sinx” in certain books. Similarly, cos™ x is
written as “arc cos X” whiletan ™ x is written as “arc tan X’, and so on.

4.11. Table
Function Domain Range
=sn — Mey< T |:_E E:|
y=snx l<x<1 > SY<Sie 755
y= cos 'x —1<x<il 0<y< m,ie, [0, 7]
= - T Ton
y = tan 'x All'real numbers (— oo <X< o0) 5 < y<§,|.e., (_5’5
y = cot™x All real numbers (— co <X < o) o<y<m,ie, (0, ®)
1< X< o0 x<-1 OSy<E Note that
y= By and ie, or i y;tn,i.e.,[o,n]—{n}
—o< X< -1 x>-1 —<ysm 2 2
—o< X< -1 x< -1 T <y<o| Notethat
2
il and ie, or . T T
= COseC X ' n |y#0ie,|—=,=|—{0
Y 1< X< oo x> -1 0<YS§ / [ 2 2] &

Remark. The choice of particular ranges for various principal-valued inverse trigonometric
functionsis arbitrary. The ranges that we have given are the ones customarily chosen and ordinarily
used in al branches of mathematics. We have generally chosen ranges involving small values of y, to
have small graphs and also to effect a one-to-one correspondence between the domain and the range.
Thereisno universal agreement on the remaining portionsof their ranges. For example, we could have
the restricted range for Arc cosinefunctionas —t<y<0or -2t <y < —m.
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4.12. Principal values of inverse trigonometric functions
In our discussion in Art. 4.10, we have considered

sine

the sine function having the domain —g <0< g with

restricted range —1 < X <1 and then defined its inverse.

Apart from the domain of sine function taken above
other domains are possible with the same range. For

example,{e:%’E ses%},{e:%ses‘_g“} etc. Fig. 4.10

But we consider only the least numerical value among all the values of the angle whose sineis
x, and call it the principal value of sin™.

Thus, principal valued function for inverse sine function for real numbersis defined as

{(x, y):y = sintx —1<x<1 and—gSysg}_

The smallest numerical value, either positive or negative, of an inverse trigonometric function
is called the principal value of the function.

T
2
and the principal values of cos X, cot™x, sec'x are the angles that lie between 0 and .

Thus, the principal values of sin~x, tan™x, cosec ' are the anglesthat lie between —- and %

Remark. To denote general values we use capital letters. Thus s nx denotes all angles whose
sineis x and sin~x denotes the principal value, i.e., an acute angle (positive or negative) whose sine

NG

isx (depending upon whether x is positive or negative. Thus, the principa valueof si n‘l(i J is45°

and that of sin_l[—él iS—60°.

Similarly, tan~x denotes all angles whose tangent isx and tanx denotesthe principa value, i.e.,

an acute angle between __Zn and g

Note. Unless otherwise stated, by any inverse value of at-function is meant its principal value.

4.13.Table of principal values

Function Domain Principal Value Forx= 0 Forx<0
=sn™® 1< x< Toy<t <y<Z P

y=sn X 1<x<1 S SYsS o<y > > y<0
y = cos 'x -1<x<1 O<y<nm OSysg g<y3n
y= tan X All real numbers —g<y<g 0£y<% —%<y<0
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y = cot™x All real numbers O<y<m 0<y£% ~<y<n
y= sec X X>1or x<-1 O<y<m, y;tg 0<y<g g<ySn
y:cosec_lx X=21lor x<-1 —gSysg, y#0 0<y£% -=<y<0
Ex. 1. Writedown thevaluesof

Q) sn™2 (ii) cos_l(—%) (iii) tan™(-1)

(iv) sec'2 (v) cot™V3 (vi) cosec‘l(_%J

; I _E<X<E) i 1 _ o - T
Sol. (i) Let sin 2—x,( 5 SX=5 — Sinx 5 sm6..x 5
. a1 1 T e 2n
ii) Let X = cos (——), 0<x< = —= = _COoS= = ( __)= =
(i) > ( T) = COSX > C0S = COS( M~ 2 | = C0S
2n
XT3
T Y

iii) Let =tan'1—1,(——<X<—) tanx=-1= —tan L = tan(—E) ax = =T
(ili) Letx= tan'(-1), (-3 <X<75] = tanx 3 I) ix=-1
(iv) Letx=sec2, (O<x<m) = secx:Z:%C% X = %
() Let x = cot™+38, O<x<m) = COtX=\/§=cot% o X = %.

i 12 —E<x<ﬂ) -2 _ _cosecl = _n
(vi) Let cosec ( \/5)( 2=Xs5] = cosecx_\/é_ cosec3_cosec 3

. _ _T
SoX = 3
Ex. 2. Find thevaluesof thefollowing:

[ -1 -1 1 Y
() tan"'(1)+ cos (—§)+S|n (_E)

(ii) cos‘l(%) n Zsin—l(%)

Sol. () tan ™) + cos” (-1 )+ an?(-2) = T4 24 (- T)
3
2

o gy
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Ex.3. tan™"y/3 —sec(-2) isequal to
0 (ii) —% (iii) % (iv) %

Sol.y = tan_l\/é, (05y<%) = %

Let X = seC (-2), (g<x3n) — Se&CX=-2 = Sec(n—%) = s;ecz—\,;E = X = 2—3?
2 — 4
R Ags (i
Similar questions for practice :
1. Find the principal values of
. 1 13
@ sn 1(—3] (i) cos 1% (i) tanL(3)
12
(iv) cot™(-1) v) =7 (v) sec(2)
L 4 3 4 1
(vii) sin 1(—%) (viii) cos l(—;) (¥ tan 1(@)
® tan(3) () sec(—2) 0i)  cot (—3)
2. Evauate: tan/3-sec}(-2) + cosec‘l%
ANSWERS
N —_ T . 3n
1. (i) 2 (ii) 5 (iii) 3 (iv) 2
I Y oy T -
(v) 6 (vi) 3 (vii) 6 (viii) 6
) T T . 3n . bm
) 5 ™ —3 o) 7 (i) g
2.0
4.14. Properties of inverse t-functions
Below we state the properties of inverse t-functions without proof.
Theorem 1. Self-adjusting property
(i) |sin"Ysin@) = @, for all ee[_g, g] sin (sin"'x) = x, for all xe[1, 1]
(i) |cos™(cos®) = @.for al 0e[0, 7] cos (cos *x) = x, for all xe[11]

(iii) | tan™"(tan®)

2
(iV) | cosec™(cosec®) = 9, for all ee[—g, g] cosec (cosec'x) = X, for all x & [~oo, 1]

00 U [Led, i.e,R—[-1,1]

9. forall 6e (—g E) tan (tanx) = x, for all xe R
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) | sec’(secO) = @, for all Be [0, wg sec (sec'x) = , for all X (oo, —1)
U [1 ], i.e, R—[-1,1]
() | cot™(cot®) = @ forall 6 (0,m) cot (cot'x) =x, for all xe R

Caution. The students should note carefully the restrictions specified against each formula.

Thus sin(sin6) = 6, if o ¢ [_g z

£ = because—

For example, cos™ (cos 6

71t)
6

Infact, 7“)

cos (cos—

-1
cos ~{cos| 2t —
6 { ( &

Ex. 4. Evaluatethefollowing:
@ sn* (sin%)

(iv) sin™ (sin %)

21:)

3 (viii) ~sec 1( )

(VII) sin~ sm(

% (i) cos™ (cos 23?)

sal. (i) sin'l(sin%)

(iv) % does not lie between —g

wnfn-3

. 1. Br s -1 T
SN (S|n6)_sm (sm6)

and X
2

Sowewrite sin %

sin

n
6"

n

6"
9 .

) ) does not liebetween O and = .

Sowewrite cos%

m
on —
cos( T 8)

m

1 9n ) =] ( n )
cos | cos= | =cos ~(cos—=| = )
( 8 8 8

E}, tan(tan6) = 0, if 96(—5

ol

T

doesnot lie betweenOand r .

51

i

1

! 5n
: Y6

1

1

1

op 2N
T~

and cos(2t — 6) = coso

(iii) tan (tanl)
(vi) tan l(tan%”)
= Z i) tan (tanlo) -z

= COS—-

8
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. 5m . 1 T
(vi) 7 does not lie between > and 5

Sowewrite% = n+% and use tan(m + 6) = tan®

-1 5 -1 L -1 b T
tan (tan—): { ( _)} - ( _) _n
2 tan “qtan|m + 1 tan tan4 1

Ly 2n ; _I r
(vii) 3 does not lie between > and 5

Sowewrite 2% — n—% anduse sin(m —0) = sin®
ﬂ'n'lsin(z—g)zsin'l{sin(n—%)} = sin'l(sin%) = %
.. Im .
(viii) 3 does not lie between O and = .

Sowewrite%7r = 275—% anduse sec(2n — 6) = sech

o) ol ) - ] -

Ex. 5. Evaluatethefollowing:

0 sin(sin_lé) (ii) tan(tan*%) (iii) gn(cos-lg)
(iv) sin(%c&%) (V) sin (cot™x) (vi) cos(tan™x)
. 13
vii tan™ 2
o]
Sal. (i '("1Z)=Z i ( '153)_53
(i) sin|sin 2 3 (i) tan|tan 18 18
(iii) Let cos‘lg =6 - cos0=3
5
4
— sin6 =g N e:sm'lé1 = cos‘lg:sm‘lgr
/) u
. 13\ _ . —14) _ 4
~ 2) =sn(sin?2) = 2.
. sm(cos 5) ( : : 3
(iv) Let 0 = sc?B o sco=2
7 7
i = % = i _1%
= sine = o5 = 0 sin o5 s e
(925 (. 124\ _ 24
ﬂn(sec —) = SH’](SIH —) = £
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(V) Let cot?x = 9 = ocoth = x

= Sne = \/172 = e — s'n—l 1 . "1+X2 1
1+Xx 1+ X
0

(Vi) Let tantx = 0 = tan® = x

1 a 1 1+x )

1+ X2 R \/1+ X2

cosO =

—_—

_ -~ 1 1
. tanlx):cos COSlJ1+x2 ) \/1+x2

0
]
(vii) Lettan™3 = 0.Then tan® = % ~ cosh = 2 5 ,
- costd 13 _ osld G ;
= 6—0055 :>tan4 0055 94

Ex. 6. Provethat sec’(tan™2) + cosec?(cot *3) = 15. NE
Sal. secz(tan_12) + cosecz(cot_13)

:{sec(tan‘l 2)}2 +

Alw
= ol

cosec ( cot™ 3)}2 ;
COSsec (cot_l %)}
- {sec sec 245 )}2 + {cosec (cosec‘lx/l_o )}

15. 3

2

I
8
— —_—
g
AR
N
S —
N
+
—_——

1]
—_—
S
SN—
N
+
—
5]
(@)
N—
N
1

Theorem 2. Reciprocal property

(i) coseciix = Sin_l%' xe R—(-1,1)

(i) seix = cos™ L, xe R—(-L 1)

tan'li, X >0
(iii) cot™x = i .
n+tan'1—, X<0
X
Theorem 3.

0] sin_l(—x) = —Sin_1X, xe[-1,1] (i) Cos_l(—X) = - cos_lx, xe[-1,1]

(iii) tan(~x) =—tan'x, X € R (iv) cot™(=x)=m — cot’x, X€ R
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() sect(=x) = —sec'x, xe R—=[-1,1]
(Vi) cosec™(—x) =—cosec 'x, x € R—[-1, 1]
Theorem 4.
() sin”x +cosx = % for all x e [, 1]
(i) tan'x +cot™'x = g forall xe R
(iiii) sec™'x + cosec™'x = % forall xe R=[-1,1
Theorem 5. (Conver sion property)
0] sin*x = cos W1 - x? =tan_1[ X J= sec_l{ 1 J
1-x° 1-x
2
= cot_l[ 1-x J = cosect L
X X
[ 2
(i) cos'x =sin"y1-x? = tan_l[ 1;)( J= Ccosec 1[ X 2]
1-X
= cot™ ¥ = sec™ (l)
152 X
L . N | y1+ X3
(|||)tan1x=sml¢ ='6os 1 = cosec ™ X
1+ x? 1+ x° X
= sec'l( 1+ x2)=cot'1(l)
X
Ex. 7. Provethat
2
. : -1 -1 X" +1
i sm[cot cos(tan™"x } =
) {eos(tanx)}| = P
2
. A -1 X" +1
ii cos[tan sin(cot X ] =
( ) { ( )} X2 + 2
Sol. cos(tantx) = cosdcost ——= = 1 - (Theorem 5)
\/1+ X \/1+ X

; -1 -1 : 1 1
= sm[cot cos(tan™ x) ] = sm[cot }
{ } 1+ %
2 2 2
— sin Sin—l\/1+X :\/1+x2 _ \/x2+1
2+ X X" +2

2432

-
A [ ]
]
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(i) sin(cot™x) = sin{sin_l 1 } = 1 -
\/1+x2 \/1+x2 T+x 1

cos[tan‘l{sin(cot‘lx)}] = Cosltan_l\/li7:| - X

— cosl oot V1EX | \/1+x2 B \/x2+1 V2 + x2
= T o[~ 2 = 2 1
2+ )(2 2+ X X" +2
Theorem 6. 0
. L L X+y 14 x2

) tan"x+tany = tan | —— ||
0} y (1—ny if xy<1
.. =, =l = -1 X—=Y . _
(i) tan "X —tan""y = tan 1+ xy if xy>-1

Explanation of the restriction. Sincex > 0,y > 0 and xy < 1, therefore tan(a.+f) is +ve
= o+ B liesin Quadrant | or Quadrant I11.

Incase,oc+[3|iesinQuad.l,(x+[3<% = a<X_g

2
= tanoc<tan(g—[3) = tana<cotf = x<% = xy<1l (Sincey>0)
Note. The sameresult holdsgood if x<0,y<0,xy< 1.
Remark. (i) If x> 0,y>Oandxy>1,then tan " X+ tan "y = n+tan‘1%
(i) If x<0,y<0andxy>1,then tan "X +tan"'y = —n+tan_1%

Theabovetwo casesarenot included in thiscour se.

Remark. (i) 1fx>0,y<0andxy< —1,then tan" x —tan'y = n+tan‘1%
(i) 1fx<0,y>0andxy<-1,then tantx —tanty = —n+tan'1%
Theabovetwo casesarenot included in thiscour se.
Theorem 7.
If x*<1,
2
2tan”'x = tan'li2 = gn‘liz = costizX
1-x 1+x 1+ x

Theorem 8.

(i) 2sin™x = sn(2xv1-x?), (i) 2c0s X = cos (2% — 1)
(iii) 3sin™x = sin*(3x = 4x%)  (iv) 3cosx = cos 1 (4x® — 3x)
a43x—x°

V) 3tanx = tan
v 1-3x2
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Theorem 9.

(i) snxz sin_1y=sin_1(xﬂ +yJ1_x2)ifxy > 0and x*+y* < 1.

(i) snxssny= x-sin(x\[1-y? £y 1_x2).ifx,y > Oand X’ +y*> 1.
(iii) cosx + cos Yy = cos M (xy F mﬂ) ifx,y>0and x*+y? < 1.
(iv) cos™x £ cosly = n—cos_l(xy$ﬂ~ﬂ), if x,y>0and x>+y?> 1.

SOLVED EXAMPLES

Ex.8. Evaluate:

' 1 145 T 11 =w
t A A —_— — —

@) tan 2[‘305 3 ) (ii) tan(Ztan = 4)

Sol. (i) Let cos‘l§ =0, Then cos6 = %

0 _ [1l-cos® _ , ¢ 3-.5
Ny = VIrcose - " \3+45
[3-v5)38—5) _ 3-\5 _ 1
e e s~ os - 207

(if) We know, by theorem 7, that

-1 2X

2tan X = tan > if[x|<1
—X
1
2% =
a1 =] 5 1 1
2tant= = tan vox== LIPS
o & 11 X=5 a”d‘s
25
-15
= tan =
12
11 m\ _ -1 5 -1
Now tan(2tan1———) [ 2 ]
5 2 tan| tan 1 tan "1

We know, by theorem 6, that
1 1 _ 1 X=VY ).
— = — |ifxy>-1
tan” x—tan"y = tan ( " xy) if xy

1
Here x=2 y =1, therefore xy = > >-1
12 ' 12 ’
S
an 2 —tan 'l = tan t| 12 |=tan (_—7)
12 5 17
1+12><1

11 &
tan |2 tan l———)
( 5 4

1
g
g

@3
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Ex. 9. Thevalueof tan I:cos_lg+ tan‘lg] is

() 1—67 (ii) 1_67 (iii) Noneof these. (1T)

1- X2
Sol. If cosa =X, then tan o =
X 1
T2
4 o

X

14 —yan13 .
cos 5 tan 275 tan 2 Fig. 4.11
14 12 _ —l§ —lg _§ 2:1
cosTotan 2 = tan L +tan g [Herexy= x5 =7 <L Theorem6]
3,2
= -1 4 3 = 7lg):g
tan| tan 1_§ 2 tan(tan 3 6.
4°3
Hence, (ii) is the answer.
Ex. 10. Evaluate: cos (si n3+dn™ i).
5 13
. 13 .15
Sol. Leto=sIn gandq):sm E.Then
ind = < andsing= = (Fig. 4.12
sin® = ¢ an sn¢—13(|g. .12)
v A YA
p P
5 2
3 5
0 . 0 >
0 oM % 0 2 M X
Fig. 4.12
. 134, a1 5 . :
cos(sm §+sm f%) = cos(0+¢) =cos6.cos¢p—snOsn¢

4,12 _3,5_48_15_33

~ 5713 5713 65 65 65
Ex.11. Evaluate: tan (2cot ™ x).

Sol Letcot tx=z Thenx=cotz:>tanz=%
5 2
tan z X 2X
N 2cottx) = tan2z= = = :
o ten (2 cot %) 1-tan’z 1-1 x*-1
X2
Ex.12. Showthat tan* L 4 tantL =T
an” S+tan 2=

Sol. Here Xy = %X%=%<l,thereforewecan use
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_ _ af X+
tan'x+tanty = tan l(l—xil/)
1.1
11 11 -1 23 -15/6 1, _T
= = =t =tan " =——=tan 1=—
tan 2+tan 3 an 11 5/6 1
23
Ex. 13. Provethat tan™ x + cot™ x+1)= tan™ (x2 +X+1). (1SC)

1
— -1 -1 =
=tan "x+tan " 1

Sol.  tantx+cot ™t (x+1)
Since X><L = —— <1, therefore we have
Xx+1 +1 ’
X+xil
tan " x+tan L1 = tan " =tan (¢ + x+ 1).
X+1 1-X 1
X+1
.11 .12 T
Ex.14. Showthat Sin " —=+sih " ——==_.
NN
Y4 YA
5 N3
1 2
0 S 0 .
¢) 2 X ¢) 1 X
Fig. 4.13
.11 .1 2
Sol. Let6=sSn —= andp=Sin ~—=.
J5 4oz g

. 1 . 2 . .
Thensn® = —= andsin = —=, each angleisin the first quadrant.
J5 Asne= g . ‘

We haveto show that 6 + ¢ = g,orsin(9+¢): snf-1

Now sin (6 +¢) =sin® .cosd +cosO sino =

.11
sin T —=
Method 1. NG
. .11
sinfsin "+
- [ JE]
N 1
\5
Hence proved

Method I11. Weknow that

2
= g—sin_1%
- sm[g—sm‘l%]
- - 1
= COS(sm 1%)=cos(cos 1%):E

sntx+ sin_ly: sin_l[x\/l—

y2 +y\/]__ x2:| if—lSX,ySl,X2+y2S1.
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1
<1 = _:
Herex = \/’ Y= \/*and 1<\/7 \/, and>@ +y? = =tz (Theorem 9)
antxeany = o[ fi-do oo ()
=sn 1-5
Hence proved.
44, nt 5 gntl6_m
Ex. 15. Provethat sin 5+sm 13+sm 652
-14 15 _n_ 4116
Sol. sin 5+sm 133 sin oo
-14 15 _ gl ga116_ o 1 . -1(=16
= sin 5+sm 13 = d9n "1-4n 65 sin “1+sn (65)
We know that
sin_lx+sin_ly = sin_l[xyll— y2+y 1—x2] if—lsx,ysl,x2+y251.
On the left side, —1<g 1—53<1 and or if  xy<0,X+y*>i.
16 , 25 2704+625 3329
+ = =+ = <1.
X4y = tie5™ amxieo 4
. . -16\_-16
On theright side, =1 ) 0, and
g X ( “65) " 65 °
16 256 _ 4481
=1+ =1+ =—="=>1
X+ (65) 4205 4225~

Therefore, we can apply the result to both sides

o —1 4 25 _ 16
LHS = sn 5 { 169 13 / }
P 0 e 5.3 |_q 48 , 15
- Sn (5X13)+(13X5)] sin- (65+65)
= o163
= dgn =
R 256 3969
RHS = sin |1.,/1- 1225 ( )./ 1] 1o
_ 6
= gn =
Hence proved.
Method 1. sin_lg+sm %Jrsm_116
-1 f 25 . 116
= sin [ 1 169+13 1 ]+sm 65
_ gn 183, gy116
= sn 65+sm 65 (As done above)

2 2
ales [ 16\ .16 [, (e3
sn [65\/1 (65) +65\/1 (65)]
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- &n [63 63,16, 16] Sin—l[3969+ 256]
65 65 65 65 4225 " 4225

= o 1(4225\_G1q_T
s (4225)_Sln =2

Hence proved.

Method I11. The given expression can be put as

4 5
7+7
a2 tan 22 a0 gt 312 |5, 216
3 2 2 63 L4502 63
312
= tan_lgsz E— _116

Now take tangent of both sides and complete it.

Ex.16. Provethat cos™ =2 +sin> = sn 2| .
13 5 65 !
1
112 13 - g 12 13 : 13 12
Sol. cost=+gnt2 =snT—=+sin
5 13 5 !
| A [ ]
5
15 3¥ 3 5 V |
=sn 13 1_5 +§' 13 ! cos ' 12_ gipt 2
; 13~ 13
=sin™ {£x4+3 12} S 4@
- 135 5 13 65
Ex.17. Provethat 1logt L 11 =£.
4tan 5 tan 70+tan 7
Sol. L.H.S.= Z(Ztarfl%)—(tan an* 1)
Weknow that 2tan™ x = tan™* 2x2 if x| <1 (Theorem7)
Since % <1, therefore
1 2
2tan*l — gt 5 _inl 5
s T 1 (1)2 ten o
5
-11 11 15
dtant = = 2(2 _):2 S
Thus, c tan c tan >
5
2X =
- -1 12 -1120
=t — £ —t -y
o . (5)2 AT
12

We also know that tan * x — tan *y = tan”™" % Jifxy>—1. (Theorem 6)
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1 1
A1 ot gt 7099 |_gt 1 Here £ x L —1]
R TR T P U B [ 7099~
70 99
-1120 -1 1 120 1
= 2y 2 Here£2x -2 >—1
LHS = tan " fg-t@ 25 [ ©1197 239" ]
120 1
- gyt 119 239 |_ (12856l -1 T _pus
= tan 1+@Xi_anz%man 4~ RHS.
119 239
-11 -12 1 -13
Ex.18. P h 12 2_1 3
X rovethat tan 4+tan 972 c
1.2
.1l 479 2117 _ . -11 1.2 _1
.LHS=tan tan " =—=tan "= EVE ey
Sol. L.H.S 1—1-2 2 5 [Here4><9 18<l Theorem 6]
4 9
-13
cos =
Let 5
0 1
= % ll,orcos_lg=2tan_l%
11 .11
RH.S 2—tan >
Hence LH.S
Note. It asofollowsthat
11 12 = -1 2 11 1 2
= £ = £ ,sdince tan - ==cos ~ =
tan + tan g coS = > S NG
Mehodll. tan L = l(Ztanfll)
2 2 2
LA T 1-2
= Soos —‘1" ==cos'2 [2tan‘x=cos* >, Theorem 7]
1+1] 2 5 X
4
_ 113
T2 E
Ex.19. Showthat %tan_l X = cos

Sol. Lettan ™t x =0, sothat x=tan 0.
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20
- cos 1+ cos6 - cos” 1+ (2 cos 1)
2 2
- 8)_6_1
= CO0S (cos 2) 5 2tan 'x=LHS

Hence proved.
Ex. 20. Provethat

o) tan‘l[ ] X i) tan”! 1§14 4410
1X
a

\/1+ X —\/1—x

Sol. (i) Leto=sin Thensm6—5:>tan6— X .

az—x

ml><

tan | —2— | =tan'(tan@)=6=sn
a% - x*

@ 4112 [+ cos20 + /I cos20
(i) Letx®=cos26. Then Yot X Fy1-X _ ofL+ 00520 + yLc0s

\/1+ 2 —\/1— W2 /L+c0s20=\[1- cos20

J1+200870 -1+ 41— (1-28n’0) _ cos@+sn® 1+tan®  1+tand
J1+2c0°0-1—\1-(1-2sin?¢) ~ C0SO5Sn6 1-tanb 1-1tan6

_ tanm/4 +tan6 :tan(5+9)
1- tanm/4.tan® 4
LHS :tan’l[tan(gﬂa)]
=T 0=T oot ®—RHS
4 4 2

Ex.21. Ifa>b>c>0, provethat

cot [ )4 cort( PEHL |y ot (B - o
a-b b-c c-a

. _ a1
Sol. We know that if x< 0, cot™ x = 7+ tan 1; (Theorem2)

Heresince c< a, therefore, inthelastteemc—a < 0.

ot ab+1 + cot™ bc+1 + cot™? ca+1l
a-b b-c c—a

ctant 2P Pl gt S22
ab+1 bc+1 ca+l
= (tan"a—tan'b) + (tan b —tan 'c) + 1 + (tan"c—tan ‘a) =
[Sincea, b, careall >0, therefore, ab> —1,bc>—-1, ca>-1].

1 x=1 -1 X+1 _T
Ex.22. Solve: tan ™+ =—= + tan
X=2 X+2 4
Sol. ant XL = m gyt XAty gyt XL

n
X—2 4 X+ 2 X+ 2
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X+1
1_X+2 11
~1 _
=t — — |=t .
an X+1 an 2X+3
X+ 2

The application of the formulaisjustified provided

X+1
X+ 2

1x > -1 (Theorem6)

i.e,ifx+1>—x-20r2x>-3,0orx>-15

1 X-=1 _ -1 1
Now ten X-2 tan 2X+3
x-1 1 _ _ L1
= x—2 = 2X+3=>(x—1)(2x+3)—x—2=>2)(2—l=>»x——\/§
1 J2 14142
+ = +NMNe 4+ =+
Here, N ) +.707
Since both 0.707 and —0.707 are greater than —1, therefore both are admissible.
Hence X = ii isthe answer.
V2
Ex. 23. Solvetheequation tan™ (x+1)+ tan~t (x=1)= tan_l:%'
|l X+D+(x=1
= tan SN S S
Sal. LHS [1—(x+1) (X—D]
- -1 2X
= tan (—2 2]Here(x+1) x-1<1 (Theorem 6)
- X
-1 2X -1 8
N tan~* = 8 2<2
. 2 2 g =
2X 8 XZ .
= oo, T 31 = X +3x-8=0 = Ix|<~2,ie,V2<x<~2
= (4x=1)((x+8) =0
1
= —,or-8.
= X = 7o

2

1
Since (Z) <2 and (-8)* « 2, therefore, x = 711 is the answer.

Ex.24. Iftan *a+tan*b+tan"'c=m, provethat a+b+c=abc.

-1 a+b

Sol. tanta+tan b = tan T o Providedab<1. (i)
a+b ‘e
+b -1 —1 1-ab

Again, 14 =tan | —/—— |,
g tan 1_ab+tan c .~ a+b
1-ab |
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a+b
1-ab

tanL at+b+c—abc |
= l-ab-ac—bc| ~ T

provided xc<l,i.e,ab+bc+ca<l (i)

a+b+c-abc

= l1-ab-ac-hc =tann=0
= atb+c-abc =0 = a+b+c=abc
Hence proved.
1 X 1y x> 2xy ye o2
Ex.25. If cos 5 Heos B=e,provethat¥—50039+F—sm 0.
_]_é

sol. cost X 1costY—p
a b

We know that cos * x + cos 'y = ws‘l[xy—\/l—xz ALY if —1<x y <0 x+ yzo]

cos g +cos ™ % =0 (Theorem9)

X, ¥
— < 24250
or a_x,y<O,a b

U
&2
|
Q
?
>
| 1
=
v
SJJN|><,\J
———
—
v
R[S
N

2.2 2 2 2
N Xzyz—zﬁ.ooseJrcosze = 1_)‘_2_3’_2 x2y2
a’b ab a’> b®> a’h
2 2
= X——za—xgcose+# = 1-cos’@
a
2 2
— %—%cose+§ = sn%e.
1 2 15,1 3sin 20 .
Ex.26. If @=tan™" (2tan“0) - 2Sm (—5+400829),thenf|ndthegeneral valueof 0.

2tan 6 __ 2
1+tan’0 1+t°

Sol. LettanO=tsothatsn26 =
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Then lg-n—l 3sin 20 _ ;sin_l 23><2t .
2 S+4cos20 51+t +4(@1-t7)

_ 1l 1 6 1. 1 3
9+t% 2 (t)2
1+(=
3
= l><2tan_ll snt 2X =2tan1x
) 3 1+ %2
-1t
= tan " -
3

The given equation becomes

0 = tan" (2t2)—tan_1 (%)
a2 -t
= tan_l—?’t, provided ZIZX%>—l,i.e.,t3>—l.5
1+ 2tz><§
(Theorem 6)
= tan 0 =t(6t_?:>t:t(6t_i)
3+ 2 3+ 2

= t(3+2t% =t(6t—1) = t(2°—6t+4)=0
Solving, by Remainder theorem, we get

t =0,1,-2

Now only t =0 and t = 1 satisfy the condition > 15.
Therefore, t = — 2 isrejected.

tm9=Ql$9=Q%.

T

Hence, the general value of 6 isnm, or NI+ 2

Ex.27. 1fu=cot™t+/ —tan™t./ Jhentww(ﬂ-g)is ual to
cot " +/tana — tan tan o ) €q
(@ y/tan o (b) \Jcot (c) tanu (d) cot o
Sol. We know that tan 2 0 + cot 0 = % ,or
cotte = g—tan_le

cot ™t Jtan o — tan”t \Jtan o
(g - tan"l\/tan oc) —tan* Jtano = g —2tan* Jtan o

u
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= 2tant Jtano = g—u
-1 -rT_u
= tan tano = 4" 2
T _u
= tan|—=-=| = Jtana
(4 2)
Hence, (a) isthe answer.
EXERCISE 4
1. Write down the values of :
(i) sin_lé (ii) cos*l(%) (i) tant1 (iv) cos 0
_1i . -1 —_2 . 1 =1 _;
(v) cot 73 (vi) sec [\@] (vii) cosec "2 (viii) cos ( 2).
2. Find:
. a1 T 43 1 (3
(@) cosAif cos > =A (b) cosec Aif sin 3 =A (c) sinAif tan (Z) =A
(d) eiftan’ /3 =0 (e) cotpiftan” % =0 f xifsin* (%) =tan ' x.
3. Find the principal value of each of the following :
(11 -1 T 14
(@) sm(sm E) (b) tan " tan (E) (c) cot (tan E)
- ; 1
@ s (cos?) © sin(cos3] ) cos(cot* - 3)
) sin(ZS'n_%) () (cos™™ (sin 220°) 0) sin(%cos’“g‘)
0 ten[sn® (D) K tan*l(cot"'—;) 0 sin(tan’11)+005(cos’1%)
(m) tan(sin_lﬁ)—cot(cos_lﬁ) (n) tan_l(—ﬁ)
2 2 3
(0) cosec_l(—z—\g/é) (p) cos*[sin(tan *(-1))]  (q) sin(2tan*3)
4. Verify the following :
c1V2 L1l n 1 1Ay el
(@ sin > sin 5 12 (b) cos~0+tan~ (-1) =tan " 1.
5. Show that :
() 2sintx= sin’1(2xxll—x2)-
[Hint. Letsinx=6, sothatsin®=x and cosO = /1 x2
Now use sin 26 =2 sin 6 cos 6, etc]
.1 1
(i) 2cos’x =cost(2¢-1)if 0<Xx<1; (i) 3sinx=sin"" (3x—4x°) 'f_ES X<
L1
(iv) 3cos'x=cos" (4x3—3x) if ES X<y (V) sin () =—sin ' x;

(vi) cos ™ () =n- cos ' x; (vii) tan" (=) =- tan " X.
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6. Show that :
. . -14\_63 - .
(@ sin (sm ——+sin ) = (b) sin(tan L/3 + cot lx/§)=1
i1 Y3 115 _g —11)2&
(©) tan(sm 5 ) (d) cos(tan 8 sin 2 )= 25
: -11 -13)_3+ x/§ -11_..-14
G) sn(sm 5+ 0os 5) 0 (H 2tan 2-ta’1 3
7. Simplify :
R - - 1 -1
(a) sin(ZCoslx) (b) cos(ZSmlx) (o) tan (smly) (d) COS(E cos x).
8. Solve the following for x in termsof y :
(8 y=2sn"3x (b) y=3cos*2x © y=%tan_l(x+n)_
9. Provethat :
(i) cos” ‘g‘:tan‘lg (i) tan ' 2 —tan 1= tan‘lé
11 -13 : -11 -11_m
i) 2tan " ==tan "= iv) 2tan "=+t ===
(i) 3 4 ) 3 77y
-13 15 -1 56 : -14 -11_ ¢
= 2 242tan t==T
(v) sin 5+sm 13 sin 65 (vi) sin 5+ 3=%
o -14 15_ . 127 14 _ ot t4
vii) cost2+cot t2=tan 1 S0 Hint. €Os = cot
11 12 -1 2
Vi) t =+t £= <.
(viii) tan 4+an g =08 NG
10. Provethat
-11 11 11 111
tan” S+ tan 2 tan §+tan it (1SC)
11. Provethat
2(tan711+tan71%+ tan* %)zm (I1SC)
1 %Jr; 1.1_1
. _ E —! 1,11
[Hint. LH.S. =2 4+t 11 (Here2><3 6<1)
2°3
= 2[E+tan_ll]yetc]
12. Provethat sin 1\/2§+2ta1_1%:2—3n. (1SC)
Prove the following :
13. 4(cot*3+cosec'y/5)=m. 14. COSlg—g+2t %:sin_lg.

15. tan * (% tan ZA) +tan (cot A) + tan* (cot3 A=0.

16. Iftantx+tanty+tantz= g,showthatxy+yz+zx:l.

[Hint. Similar to solved Ex. 19.]
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Solve for x the following:

17.

18.

19.

20.

21.

22.

23.

24.
25.

cos *x+snt (12():% (Dhanbad)

dntx+sntox="T
3

- T - -1

[Sol. sint2x= 3-Sn X

= 2x=sn (%—sin_lx)=sjn%.cos(sin_lx) —cosgsin (sin_lx)

= %.cos(cos‘lxll— x2) —% x:é.\ll— X —%

= 4x= 3. 1-%° —x:>5x=\/1—'7:\/1—><2
3 NE J3

=25x'=3-3¢ = 28x*=3 = ¥= 55 = X=to = = Xz o
—% isrgjected as it makes the L.H.S. negative whereas the R.H.S: is positive]
-1 -1 T
tan ~ 2x+tan " 3x=-=.
X 7 (ISC)
1 1oy, 1| 2x+3x . 1
[Sol. tan™ 2x + tan * 3x = tan [—1—(2x) (3x)] , provided 2xx 3x< 1 = x* < &
-1 Bx T 5x T _ _ 1
Now tan -=1 = S=tanT=1 :>6x2+5x—l—0:>x-—1,6
1-6x° 4 1-6x 4

o 2 1. 1. 12 1 _ 1.
x=-lisrgected as (-1)° « 6 X= s is accepted as (6) <6' Hence, x = s isthe answer].

s'n(sin*l%+oo§lx)=1.
(1 A1
sin|=cos ~x|=1.

(5 )

1

[Hint. Let Leostx=0, Since 0 < cos *x <, we have

5
T
0<50 <t = 0<a< 5
Hence sin o # 1. Therefore the given equation has no solution].
tan t (x— 1) + tan T x+ tan t (x + 1) = tan * 3x. (1SC 2008)
[Hint. Transpose tan * x to the R.H.S,, and then apply equations of theorem 6]
1 X-1 1 X+1 g
tan”T ——+tan T ——==.
X—2 X+2 4
[Hint: See solved Ex. 22]
-1 1 -1 1 -1 2
pon 2X+1 tan 4x+1 tan NG

Evaluate the following :
(i) sn cot * costan * x;

. .13 -13].
(i) tan[sm 5+cot 2],

=<x<1.
2

3—3x2] 1
"2

(i) cos*x+cost [g +

1

W:z,sﬂy.

[Hint. (i) Let tan " x = . Then, costan * x = cos 6 =
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-1__ _ . _ 1 _\/1+x2
Letcot “z=¢. Thencot¢ =z = sinp = 5= > -
J1+2Z° 42+x

-1

X

(i) Usesntx=tan™* .
AJ1-X

(i) Let cos 'x=6. Thencos6 = x.

and cot  x = tan (Art. 4.07, Th. 5)

><H—\

Now %s X<1 = cos'1<cos'x< cos_lé (In Quad. | cos decreases as angle increases).
= 0<0<

The given expression = cos - X+cos [x §+§ \/7]

wla

= e+cos_l[cose.cos%+sin%.sjn e]

-1 T T T
= 0+ T _ol=0+Z-p=T]
o8 005(3 ) 3 3]

26. Solvefor x: cos (sin’l X) = L (IsC 1997)

[Hint. sintx= cos ™ y1-x* |

©

27. Solvetheequation : tan > (2+X) +tan * (2-x) = ta’l_l%. (1SC 1998, 2001)
28. Solve the equation : sint 2a2 +sn 2b2 =2tan *x
l+a 1+b

[Sol. Leta=tan 6. Then

gnt_2a :Sin—l[ 2tan6

— | _ -1, _ _ —1
1+ a2 1+tan29J_Sm (Sn20)=20=2tan " a.

- . -1 4
Similarly, sin =2tan b
Y 1+b?
sin_liz+sjn_lA2 =2tanta+2tan ‘b=2(tan ta+tan " b)
l+a 1+b

- 2t 2D ovidedab<1 - 2tant 2P oy - ash

= 1-ba’ Provi -2t o —p antx = x= |
29. Solve the equation. sin™ 6x + sin™* (6\/§x)=—g. (1SC 1999)

[Sol. sintex= —g—gn‘l (6v/3X)
= 6x= sm[——sm (Gﬁx)] —cos[sin (6v3X) |

= 6X=—cos[cos_1\/1—108x2] ['.'sin_1A=cosfl 1—A2]
= 6X= —\1-108%° = X= i%.
-1v/3

1. ) .
If we put x = -5 in the given equation we get sin~ §+sm ==

T, T_T .
1 5 E+§_ 5 which shows that

= % does not satisfy the given equation. If we put x = —% , we get
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sin? (—%)+dnfl(—§)=—%—%=—g , which showsthat x = —1—12 satisfiesthe given equation.
__ 1.
Hence, x = 1 isthe answer].
o - 1 -
30 Provethat sin " —=X—+cos t ——E=——=tan " (*+x+).  (1SC 2000, Type 2006)

1+ X VXE+2x+2

[Sol. Let sint—=% ~=6. Then
A1+ X 3

=tan0=x A

. X
sno=
\J1+ X >

= f=tan ' X 6 1
= snt—2X_=tan'x Fig. 414
1+x2
Let cos‘lleq). Then
\/x2+2x+2
X+1
COSh = ———==>tanp=—-—
\/x2+2x+2 x+1
-1 1
= o=t "5
= cos‘lletan_li1
X2+ 2%+ 2 X+
The L.H.S. of the given equation
1 X+XJ4:1 1
-1 -1 -1 X
= tan ~ X+tan ——=tan | ——— — =
il ! [Here x x 1 x+l<l Theorem 7]
‘X+1
= tan (¢ +x+1) =RH.S.
Hence proved].
31. Show that tan™* itanZ :1cos_l 1+2cosx .
J3 2] 2 2+ Ccos X
. -1 1 x|(_1 -1( 1 X
— —_— —_— == Ztm _tan—
[Hint. L.H.S. = tan |:\/§ tan 2] 2[ (\/é 2)]
[ 2 X
tan” 2 22
1 1 1-—2 '.'Ztan_lA:cos_11 A2
= Zoos | —2— 1+ A
2 tan? X Theorem 7
14— 2
1-cosx
_tan? X 3-——=
-1 1 3-tan 2|11 1 1+ cos X _._tanzg:m
B R 2x [T 28 1- cosx 2 1+cos6
3+tan“ 2 3+
2 1+ cosx
1. 2+4cosx) 1 -1(1+Zcosx)
= ZC0s (=———>2| = Zcos [=———==
2 (4+Zcosx 2 2+cosx /-
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32. If 0051§+COS Lo , prove that 9x% — 12xy cos 6 + 4y* = 36 sin 6.

[Hint. cos” 2+coslg 6 =cos [ _h- /1 y ]:e (Theorem 9)

33. Ifcos 'x+cos’ y+ cos tz=m, prove that X+ y2 + z2 +2xyz=1.
[Hint. cos*x+cosy=m—cos "z

= cost [xy —+/1— X2 \1- y2] =m—cos 1z (Theorem 9)
[xy— 1= X2 \1- yz] =cos(n—cos ") =—cos(cos'2) = -z
= xy+2z=1-x%\1-y? ec]

34. Show that sin lg+cos 2 ot 2, (ISC 2003)

J5 11

-13 -1 2
[Hint. LH.S = C0S ¢ +C0S NCE Now apply Theorem 9]

35. Prove that cot (Z—Zcot ) (ISC 2005)
[Hint. tan_l%:%—Ztan %_%—tm‘lﬁzﬁ tan 1% etc] (Theorem 8)

36. Provethat 2tant (%)+cot*l(4) —tan! (1—‘35) (1SC 2007)
[Hint. Use 2tan* x = tan™* [122‘( ],x <1land cottx= tan‘l%(.]

ANSWERS

L) F ) EMEME M E M 2 i) i) 2

2 @ 3 O3OTOTO50

5@ OO 0 e R 0 -2 0% ne o ﬁ
(). Undefined (9 & () C_” mom Z© XM @

7 () il () 1-27 © %yz @ (X 8 @x=3snd
(b) x=%cos% (© x=tan2y-n 17. x=1 18. x=§ 19, X=%

20. X=% 21. No solution 22. x=0, i% 235xi= +T 24. x=3

25. (i) ;:‘; (ii) % (iii) % 26. i% 27. +3
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10.

12.

REVISION EXERCISE

1 T
If sntx+ cot™ (E) = E,thenxis:

1 2
(@0 (b) NG (© NG
If 4sin™ x + cos™ x =, then X is equal to

1 V3
(@0 (b) > (@] =

5

@

wy%

Considering only the principal values, if tan (cos‘l X) =sin [oot‘l (% , then x isequd to

1 2 3
(@ NG (b) NG (© NG
3wt 3 s
Thevaue of tan|:sm 5+cos \/1_3] is:
6 6 V13
(@ T (b) N (© e
cot ™ [(cos oc)ﬂ 2] —tant [(cos oc)llz] =X, thensinx=
(a) tan? % (b) cot? % ©) tan o
If @ =sin™ [sin (—=600°)], then one of the possible values of 0 is
e b 2n
(@ 3 (b) 3 (© =
cos|:cos‘l (— 1)+ sn™?t (— 1)] =
7 7
(a) -1/3 (b) O (o 13

Thevaueof sin [2 tan™* (%)} cos(tan™* 24/2) =

16 14 12
(@ T (b) | (© T
If int (1—X) —2sin-x =7/2, then x equals
(@ {0, -1z} (b) {12, 0} (© {0}

[Hint. sn(-x) = g —2s§ntx = 1—x=sin(g —2sntx)

V5
@ =

7

O

o
(d) cot >

2

@ -7

(d) 4/9

11
®

(d) {-1 0}

= 1-x=sin g cos(Zsjn‘lx)—cosg sin(2sin'x) = cos (2sin ' x)

= 1-x=coscos > (1-2¢) = 1-x=1-2¢ = x=0, 1/2. But x= 1/2 does not satisfy the equation,

sox=0]
If cos ' x+cos ty=m, what isthevalueof sin" ' x+sin 'y ?

(@0 ®) 3 ©n

The value of x for which sin (cot™* (1 + X)) = cos (tan™ * x) is:
(@) 12 (b) 1 ©0
sntx+snt(l-x)=cos'x = xe

@{10 (b){-1,1} (¢ {0, 12}

(d) 2n

(d) - 1/2

(d) {2, 0
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13.

14.
15.

16.

17.

(@ n/3 (b) /4 (OF (do
What isthe value of tan (tan™ > x + tan™ 'y + tan ' 2) —cot (cot * x +cot *y +cot™ 2) ?
What is the value of x that satisfies the equation cos > x = 2 sin"* x ?

-1 X -1(5\_=m '
If sin (5)+cosec (4)— > then the value of xis
(a)4 (b) 5 (91 ()3
Whatlssm en x Wherex>0 equal to ?

t
x2 x +2 x +1) (x2+2)
(@ (b) 5 (9 @) -~
x +2 x +1 X2 +2 (x*+1

[Hlnt. See solved Ex. 15].

ANSWERS
1. (b) 2. (b) 3. (d) 4. (d) 5. (a) 6. (a) 7. (b)
8. (b) 9. (0 10. (@ 11 (d) 12. () 1. (0) 14. 0
15, % 16 d  17. a
HINTS
T 1 1
1 afiism X 2 o e 1 S
§nx= o cot > an" = = tan T tan >
x _1 X »1
1-x* 2 1-x2 2
= tant T —— =0’ = X 2—%_0
1+ T+ 1-x
2V1- % 2V1- x2
1 1 2
-1 = = = — j = —=
3. Let cot 5 6 = cot6 5 = dno= \/— :Letcos tx= 0 = X=cosd = tan (]) 5
1
—+J/coso.
_ 1 = _1 ~Jcosa. 1-cosa
5. tan* —tan'Vcoso =tan T XEBEE __ _ yx— tanx=
N/ cosa ~/cosa 2+/coso
1+
Jcoso.
6. 0 =8N *[sin (—600°)] = sin™ (—sin 600°) = sin”* [— sin (360° + 240°)]
=sn (- sin 240°) = S [ sin (180° + 60°)] = sin‘l(sin%)zg
q 1 2/3 =i : —13 =1
7. sin| tan + cos (tan 2\/§)=sm tan” =~ — |+ cos(tan 2\/5)
1-1/9 4
. il B 11
= sin|sin™' = |+cos| cos =
5 3
10. -

= (g—sin x)+(g—sin‘l y)zn = sin‘1x+sin‘ly=0
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1.

12.

13.

= sin[cot‘1(1+ x)]:sin(gitan‘lx) = cot™ (1+ x)=g$tan‘lx

= cot‘l(1+x)+tan‘1(ix):g = 1+x= %X

T

=1
5 2sin X

T
sntx+snt(l-x= > —sntx = snt@-x=
= 1-x=sin (g—ZSin‘lx = 1-x=cos(2sin *X)
= 1—x:1—25in2(sin2(sin_1x) = 1-x=1-2¢

gnt 4 +2tan? = et et L
5 3 3 3 3
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